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Abstract
With the inclusion of arbitrary long-range hopping and (pseudo)spin-orbit coupling amplitudes, we for-
mulate a generic model that can describe any two-dimensional two-band bulk insulators, thus providing a
simple framework to investigate arbitrary adiabatic deformations upon the systems of any arbitrary Chern
numbers. Without appealing to advanced techniques, we obtain a mathematically elementary yet rigorous
proof of the bulk-boundary correspondence on a strip, which is robust against any adiabatic deformations
upon the bulk Hamiltonian and any uniform edge perturbation along the edges. The elementary approach
not only is more transparent about the underlying physics but also reveals various intriguing nontopological
features of Chern insulators that have remained unnoticed or unclear. Particularly, if a certain condition is
satisfied (as in most renowned models), the loci of edge bands in the energy spectrum and their (pseudo)spin
polarizations can be largely inferred from the bulk Hamiltonian alone without invoking any numerical com-
putation for the energy spectrum of a strip.
∗ This paper is a follow-up to [1], various material of which is repeated here.
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I. INTRODUCTION
Topological states of condensed matter have been intensively investigated and become a rapidly
developing area of research in recent years. One of the central concepts of topological matter
is the bulk-boundary correspondence, which posits that, for a variety of systems, the edge modes
on the boundary are characterized by topological invariants of the physics in the bulk — i.e., the
topological phases of matter are manifested in terms of robust edge modes. The first example of this
correspondence is the integer quantum Hall effect, discovered in 1980, of which the explanation
was proposed by Laughlin in 1981 [2]. Since then, the bulk-boundary correspondence has been
revealed in numerous experiments and numerical simulations (see [3–5] for reviews). Meanwhile,
theoretical accounts of topological states have been developed in different approaches with various
degrees of rigor (see e.g. [6–11] and more references in [3–5]) and led to a hierarchical classification
of topological condensed matter systems [12, 13].
A mathematically rigorous proof of the robustness of the bulk-boundary correspondence is
generally challenging. For topological systems with band structures, such as Chern insulators
and topological insulators,1 the main difficulty lies in the fact that the notions of edge modes
and topological invariants are inherently anchored to two conflicting settings and hence cannot be
retained simultaneously in a single setting. Rigorously speaking, only in the explicit presence of
boundaries can one make sense of edge modes. On the other hand, the topological invariants of band
insulators are defined upon the bulk Brillouin zone, which make sense only if the system is without
explicit boundaries and thus respects the full lattice translational symmetry — i.e., either the
system is infinite in all dimensions or it is finite in some dimensions but imposed with the periodic
(Born-von Karman) boundary condition. Secondly, a rigorous proof has to consider arbitrary
topological invariants with arbitrary adiabatic deformations,2 but it is difficult to incorporate all
of them into a single framework. Unless these difficulties are explicitly overcome, a proof of the
bulk-boundary correspondence remains heuristic to a certain degree.
A few advanced approaches have been developed to provide a firm foundation for understanding
and classifying topological condensed matter systems, and the approach of the K-theory is per-
1 Chern insulators are band insulators that exhibit nontrivial Chern numbers and break time-reversal symmetry,
whereas topological insulators are topologically nontrivial band insulators that preserve time-reversal symmetry.
In the literature, the term “topological insulator” is also occasionally used in the broader sense to refer to any
topologically nontrivial band insulators (Chern insulators included), regardless of the time-reversal symmetry.
2 The Hamiltonian of a bulk insulator is said to be adiabatically deformed, if its bulk energy bands are continuously
deformed while the bulk gap remains open and the essential symmetries (if any) remain respected.
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haps the most powerful (see [14] for a review). The advanced approaches, however, heavily involve
advanced mathematical technicalities and are often not very transparent about the underlying
mechanism, particularly in regard to the aforementioned issues. Contrary and complementary to
advanced approaches, considerable effort has been devoted to understanding the bulk-boundary
correspondence from a more elementary perspective (see [15–17] for recent examples). In our
previous work [1], by generalizing the Su-Schrieffer-Heeger (SSH) model [18] with arbitrary long-
range hopping amplitudes, we provided a simple framework that takes into account any arbitrary
adiabatic deformations upon the systems of any arbitrary winding numbers, and offered a math-
ematically rigorous proof of the bulk-boundary correspondence for the generalized SSH model
without appealing to any advance techniques.
In this paper, extending the treatment of [1] from the one-dimensional generalized SSH model
to a two-dimensional case, we aim to give a rigorous yet elementary proof of the bulk-boundary
correspondence in the generic two-band model of Chern insulators. With the inclusion of arbitrary
long-range hopping and (pseudo)spin-orbit coupling amplitudes, the two-band model we construct
is broadly generic to the extent that it can describe any two-dimensional two-band bulk insulators.
Many renowned models, such as the Rice-Mele model [19], the Haldane model [20], and the Qi-
Wu-Zhang model [21], can be viewed as special cases of our generic model. The two-dimensional
two-band model is much richer in structure than the one-dimensional generalized SSH model.
Nevertheless, the techniques devised in [1] can be carried over essentially under a dimension-
reduction scheme that recasts the Chern number of the two-dimensional Brillouin zone into a sum
of winding numbers of various one-dimensional loops in the Brillouin zone.
The elementary approach not only elucidates how the topological nontriviality gives rise to edge
modes but also uncovers various intriguing nontopological features that have remained unknown
or unclear. (i) As opposed to the bulk states on a strip,3 the wavefunctions and energies of the
edge states are independent of the width of the strip as long as the width is large enough (so that
the finite size effect is negligible). (ii) If a certain condition (called the “semi-special” condition
in this paper) is satisfied (as in most renowned models), the loci of edge bands (except for those
induced or modified by edge perturbation) in the energy spectrum can be directly inferred from the
bulk momentum-space Hamiltonian alone without invoking any full-fledged numerical computation
for the energy spectrum of a strip. (iii) As a consequence, the condition for having degenerate
edge bands is also found. (iv) We obtain a precise description and a clear understanding of the
3 See Footnote 9 for how the width of a strip affects the bulk states.
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phenomenon of “spin-momentum locking” — namely, in edge states of a strip, the (pseudo)spin is
polarized to a unique direction associated with the edge mode momentum. However, contrary to
what many assume, the notion of spin-momentum locking is not a topological feature in the strict
sense (i.e., robust under arbitrary adiabatic deformations); it is robust only under deformations
within the confines of the semi-special condition. (v) While it is well known that the bulk-boundary
correspondence is robust against any edge perturbation that is uniformly imposed along the edges
of a strip, we obtain a more detailed picture about how different kinds of edge perturbation deform
and induce edge modes differently. (vi) Under certain circumstances (as in many renowned models),
the energy spectrum (both bulk and edge modes included) of a strip exhibits a symmetric feature
that the energy eigenvalues appears in pairs with opposite signs. We elaborate and compare two
different symmetries giving this feature, which become identical in the absence of edge perturbation.
This paper is organized as follows. The generic two-dimensional two-band model is first formu-
lated and elaborated in Sec. II. Its topology is then analyzed in detail in Sec. III, with the emphasis
that the Chern number can be cast in terms of winding numbers. In Sec. IV, we give a detailed
description and a rigorous proof of the bulk-boundary correspondence for the Chern insulator on a
strip. To demonstrate the ideas and predictions of our approach, the numerical analyses of various
concrete examples are presented in Sec. V. Finally, the results of this work are summarized and
discussed in Sec. VI.
II. GENERIC TWO-BAND MODEL OF CHERN INSULATORS
We first formulate the generic two-band tight-binding model in a two-dimensional lattice.4
This model can describe any arbitrary two-band bulk insulators (called “Chern insulators” if the
corresponding Chern number is nonzero).
A. Bulk momentum-space Hamiltonian
To begin with, we neglect all boundary effects and study only the physics in the bulk. That is, we
either consider an infinite system or impose the periodic (Born-von Karman) boundary condition.
4 The two-dimensional lattice is assumed to be generic, even though it is depicted as a square lattice such as in
Fig. 2 for illustrative purpose. The lattice momenta kx and ky in accord with the lattice are not necessarily
perpendicular to each other, but they too are often depicted so. Furthermore, for convenience, kx and ky are
conventionally rescaled to have kx,y ≡ kx,y + 2pi.
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In this idealized setting, if the lattice translational invariance is not broken (e.g., by external
electromagnetic field), we have the lattice momentum k ≡ (kx, ky) as a good quantum number. The
system is described by the bulk Hamiltonian, which takes the form Hˆbulk =
∑
k Hˆ(k)|k〉〈k| in the
momentum space. For a two-band tight-binding system, the bulk momentum-space Hamiltonian
Hˆ(k) is formally given by
Hˆ(k) := 〈k|Hˆbulk|k〉 =
∑
α,β∈{↑,↓}
〈k, α|Hˆbulk|k, β〉|α〉〈β|, (2.1)
where the two-value variable α ∈ {↑, ↓} accounts for the two-band degree of freedom and repre-
sents either real spin (i.e., spin-up and spin-down) or pseudospin (e.g., bipartite sublattice sites),
depending on the underlying physics of the system. Whatever the underlying physics is, Hˆ(k) is
always given by a 2× 2 hermitian matrix and hence takes the generic form:
Hˆ(k) = h(k) · σ + h0(k)12×2 =
 hz(k) + h0(k) hx(k)− ihy(k)
hx(k) + ihy(k) −hz(k) + h0(k)
 . (2.2)
Obviously, the bulk energy spectrum is given by
E(k) = h0(k)± |h(k)|. (2.3)
If the minimum of the upper band spectrum h0(k) + |h(k)| is larger than the maximum of the
lower band spectrum h0(k)− |h(k)|, the upper and lower bulk bands is gapped and the system is
a bulk insulator. For a given k, h0(k) only offsets the energy. Therefore, the term h0(k)12×2 is
usually neglected, provided that |∇kh0(k)| is small enough so the upper and lower bulk bands do
not overlap.
Since the lattice momentum is periodic, i.e., kx,y ≡ kx,y + 2pi, the generic form of ha=x,y,z,0 can
be cast as
ha(kx, ky) :=
∞∑
nx,ny=−∞
wanx,nye
i(nxkx+nyky), (2.4a)
where wa∗nx,ny = w
a
−nx,−ny ∈ C. (2.4b)
As the Fourier series of (2.4) can represent any arbitrary function mapping from T 2 ∼= [0, 2pi]×[0, 2pi]
to C with ha(kx+2mpi, ky+2npi) = ha(kx, ky) for any m,n ∈ Z, the form of (2.4) provides a starting
point to study arbitrary adiabatic deformations upon a system of an arbitrary Chern number.5
5 Our main goal is to obtain a mathematically rigorous proof of the bulk-boundary correspondence. We are obliged to
take into consideration all arbitrary adiabatic deformations and arbitrary Chern numbers, even if the corresponding
Hˆ(k) with arbitrary ha(k) is purely artificial and cannot be realized in a realistic system.
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Many renowned two-band models, such as the Rice-Mele model [19], the Haldane model [20], and
the Qi-Wu-Zhang model [21], can be treated as special cases in this generic setting. Particularly,
if we set wx1,0 = w
x∗−1,0 = −i/2, wy0,1 = wy∗0,−1 = −i/2, wz1,0 = wz∗−1,0 = 1/2, wz0,1 = wz∗0,−1 = 1/2,
wz0,0 = u, and w
a
nx,ny = 0 otherwise, we have h0(k) = 0, hx(k) = sin kx, hy(k) = sin ky, and
hz(k) = u+ cos kx + cos ky, which gives the Qi-Wu-Zhang model.
If we deal with a finite system with Nx and Ny unit cells in the x and y directions, respectively,
k takes the discrete values k ∈ {(mδx, nδy)|m = 0, 1, . . . , Nx − 1, n = 0, 1, . . . , Ny − 1} with
δx,y = 2pi/Nx,y. It is only an approximation to treat ha(k) as a continuous map when Nx and Ny are
large but finite. To make this approximation sensible, the map ha(k) has to be “smooth” enough, or
more precisely,
|∂kx,yha(k)|
|ha(k)|  1δx,y . This requires
∑∞
nx,ny=−∞ to be truncated to
∑n¯x
nx=−n¯x
∑n¯y
ny=−n¯y
by two delimiting integers n¯x, n¯y that satisfy n¯x  Nx and n¯y  Ny. In other words, to make
sense of the bulk-boundary correspondence, the macroscopic length scales (indicated by Nx and
Ny) of a given sample has to be much larger than the upper bound (specified by n¯x and n¯y) for
the distance of the long-range hopping and (pseudo)spin-orbit coupling.6.
B. Bulk real-space Hamiltonian
To study the physics in the bulk for a finite system while neglecting the physics on the bound-
ary, we impose the periodic boundary condition: i.e., |mx +Nx,my, α〉 ≡ |mx,my +Ny, α〉 ≡
|mx,my, α〉, where {(mx,my)|,mx,my ∈ Z} represents the two-dimensional lattice sites. As the
periodic boundary condition respects the lattice translational invariance, Bloch’s theorem applies.
The Bloch’s theorem allows us to introduce the plane wave basis states
|kx〉 = 1√
Nx
Nx∑
mx=1
eimxkx |mx〉,
|ky〉 = 1√
Ny
Ny∑
my=1
eimyky |my〉, (2.5)
so that the Bloch eigenstates, labeled by  = ± (for upper and lower bands) and k, read as
|Ψ(kx, ky)〉 = |kx〉 ⊗ |ky〉 ⊗ |u(kx, ky)〉,
|u(kx, ky)〉 = a(kx, ky)|↑〉+ b(kx, ky)|↓〉. (2.6)
The vectors |u(k)〉 are eigenstates of Hˆ(k) defined in (2.1); i.e., Hˆ(k)|u(k)〉 = E(,k)|u(k)〉.
6 See Sec. II B for the physical meaning of wanx,ny
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Substituting (2.5) into (2.1) with (2.2) and (2.4), we obtain the bulk real-space Hamiltonian:
Hˆbulk =
Nx∑
mx=1
Ny∑
my=1
n¯x∑
nx=−n¯x
n¯y∑
ny=−n¯y
|mx − nx,my − ny〉〈mx,my|
⊗
 wznx,ny + w0nx,ny wxnx,ny − iwynx,ny
wxnx,ny + iw
y
nx,ny −wznx,ny + w0nx,ny
 . (2.7)
Therefore, the coefficients wanx,ny represent the coupling constants between the lattice sites |mx,my〉
and |mx − nx,my − ny〉. For nx = ny = 0, wz0,0 +w00,0 and wz0,0−w00,0 are the on-site potentials for
the ↑ and ↓ states, respectively, whereas wx0,0± iwy0,0 corresponds to the on-site interaction between
↑ and ↓. For (nx, ny) 6= (0, 0), wznx,ny + w0nx,ny and wznx,ny − w0nx,ny give the hopping amplitudes
from |mx,my〉 to |mx − nx,my − ny〉 for ↑ and ↓, respectively. Meanwhile, wxnx,ny + iwynx,ny and
wxnx,ny−iwynx,ny correspond to the (pseudo)spin precession from ↑ to ↓ and from ↓ ro ↑, respectively,
when the state |mx,my〉 hops to |mx − nx,my − ny〉. The fact that the (pseudo)spin precession
depends on the hopping variables nx, ny is called the “(pseudo)spin-orbit coupling”.
C. h0 = 0 symmetry
In the case that h0(k) = 0, the energy spectrum is given by E(k) = h0(k)± |h(k)| = ±|h(k)|,
and consequently the upper and lower bands exhibit the symmetry of opposite eigenvalues of energy.
More precisely, if |u(k)〉 ≡ 〈k|Ψ〉 = (a(k), b(k))T is an eigenstate with the eigenvalue E(k) of Hˆ(k)
given by (2.2) with h0 = 0, we have
Hˆ(k)
 a(k)
b(k)
 ≡
 hz hx − ihy
hx + ihy −hz
 a
b
 =
 hza+ (hx − ihy)b
(hx + ihy)a− hzb
 = E(k)
 a(k)
b(k)
 ,
(2.8)
which follows
Hˆ(k)
 b(k)∗
−a(k)∗
 ≡
 hz hx − ihy
hx + ihy −hz
 b∗
−a∗
 =
 hzb∗ − (hx − ihy)a∗
(hx + ihy)b
∗ + hza∗

=
 (hzb− (hx + ihy)a)∗
((hx − ihy)b+ hza)∗
 = −E(k)
 b(k)∗
−a(k)∗
 . (2.9)
Consequently, |u˜(k)〉 ≡ 〈k|Ψ˜〉 = p(k)(−b(k)∗, a(k)∗)T is an eigenstate of Hˆ(k) with the opposite
eigenvalue −E(k). Here, for generality, we also include an arbitrary phase factor p(k) that satisfies
|p(k)| = 1 and p(k + (2pi, 0)) = p(k + (0, 2pi)) = p(k). Particularly, we can choose p(k) = eik·m¯ ≡
ei(kxm¯x+kym¯y) with two arbitrary integers m¯x, m¯y.
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Correspondingly, in the real-space representation, if 〈m|Ψ〉 ≡ (amx,my , bmx,my)T, then we have
〈m|Ψ˜〉 ≡
 a˜mx,my
b˜mx,my
 = ∑
k
〈m|k〉〈k|Ψ˜〉 =
∑
k
ei(m+m¯)·k√
NxNy
 b(k)∗
−a(k)∗

=
∑
k
e−i(m+m¯)·k√
NxNy
(iσy)
 a(k)
b(k)
∗ = iσy (∑
k
e−i(m+m¯)·k√
NxNy
〈k|Ψ〉
)∗
= iσy〈−m− m¯|Ψ〉∗ =
 b∗−mx−m¯x,−my−m¯y
−a∗−mx−m¯x,−my−m¯y
 . (2.10)
It is because of the lattice translational invariance that the relation between (am, bm) and (a˜m, b˜m)
is up to an arbitrary lattice vector m¯ ≡ (m¯x, m¯y).
Although the condition h0(k) = 0 is artificial and at best an approximation in reality, imposing
h0 = 0 is very helpful for finding various qualitative features of the two-band system.
III. TOPOLOGY OF THE TWO-BAND MODEL
The bulk momentum-space Hamiltonian (2.2) is specified by the map ha : k ≡ (kx, ky) ∈
T 2 ≡ [0, 2pi] × [0, 2pi] 7→ (h(k), h0(k)) ∈
(
R3 \ {0}) × R, where h(k) = 0 is excluded to ensure
an open gap of the bulk spectrum. The topology (more precisely, homotopy type) of the map
ha : T
2 → (R3 \ {0})× R can be characterized by the map h : T 2 → R3 \ {0}. Therefore, without
losing generality, we assume h0(k) = 0 and focus on h(k). In this section, we will prove that the
topology of h : T 2 → R3 \ {0} is classified by the Chern number and elaborate on its geometrical
meaning. We adopt some of the techniques used in [22].
A. Chern number and winding number
In the case of h0 = 0, the eigenvalues of Hˆ(k) are given by E±(k) = ±|h(k)|, and the two
eigenstates u±(k) are related with each other by the h0 = 0 symmetry as discussed in Sec. II C. In
the following, without losing generality, we focus only on the lower band u−(k).
The eigenstate u−(k) of E−(k) can be expressed as
u
(S)
− (k) =
1
N (S)
 hz − |h|
hx + ihy
 , singular when hx = hy = 0 and hz > 0, (3.1)
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or alternatively as
u
(N)
− (k) =
1
N (N)
 −hx + ihy
hz + |h|
 , singular when hx = hy = 0 and hz < 0. (3.2)
Note that the wavefunction u
(S)
− (k) is everywhere well defined except that h(k) is in the “north-
pole” direction, whereas the wavefunction u
(N)
− (k) is everywhere well defined except that h(k) in
the “south-pole” direction. In the region where both wavefunctions are well defined, they differ
with each other by a phase:
u
(N)
− (k) = u
(S)
− (k) e
iφ(k), (3.3)
where
eiφ(k) =
hz+|h|
hx+ihy∣∣∣ hz+|h|hx+ihy ∣∣∣ =
|hx + ihy|
hx + ihy
. (3.4)
This corresponds to a gauge transformation for the Berry connection given by
A(N)(k) = A(S)(k) + dk ∂kφ(k), (3.5)
where the Berry connection is defined as
A(k) := −i〈u−(k)|∂k|u−(k)〉dk. (3.6)
The corresponding Berry curvature, which is gauge independent, is defined as the exterior derivative
of the Berry connection:
Ω(k) := dA(k). (3.7)
Let the Brillouin zone T 2 be covered by DS ⊂ T 2 and DN ⊂ T 2: DS denotes a region (maybe
disconnected) where u
(S)
− is regular everywhere, DN ⊂ T 2 denotes a region where u(N)− is regular
everywhere, and ∂DS = −∂DN denotes the boundary between DS and DN . The Berry curvature
integrated over the Brillouin zone is then given by∫
T 2
Ω =
∫
DS
dA(S) +
∫
DN
dA(N) =
∫
∂DS
A(S) +
∫
∂DN
A(N)
=
∫
∂DS
(
A(S) −A(N)
)
= −
∫
∂DS
dk ∂kφ(k), (3.8)
where we have used Stokes’ theorem. We will use (3.8) to prove that the total flux is quantized.
Pictorially, the noth- and south-pole singularities take place whenever the map h : T 2 → R3\{0}
touches the positive or negative z axis. If we suppose north-pole singularities do not coincide with
9
south-pole singularities in positions of the same ky, the Brillouin zone can be covered by DS and
DN in such a way that each of them consists of “horizontal strips” as shown in Fig. 1.
7 As ∂DS
consists of horizontal oriented lines as shown in Fig. 1, it follows from (3.8) that∫
T 2
Ω = −
∫
∂DS
dk ∂kφ(k) =
∑
ky=k
(1)
y ,k
(2)
y ,...
± i
∫ 2pi
0
dkx
∂
∂kx
log
|hx + ihy|
hx + ihy
= −
∑
ky=k
(1)
y ,k
(2)
y ,...
± i
∫ 2pi
0
dkx
∂
∂kx
log (hx(k) + ihy(k)) , (3.9)
where k
(1)
y , k
(2)
y , . . . are the horizontal positions of the horizontal lines and ± corresponds to their
orientations. For a fixed k
(i)
y , each summand is associated with the winding number of the corre-
sponding “constant-ky loop” winding around the z axis. A constant-ky loop is defined as an S
1
loop given by {h(kx, ky)|kx ∈ [0, 2pi]} and orientated in the increasing kx direction (see Fig. 5).
More precisely, the winding number of the ky = k
(i)
y loop is given by the integral of the complex
logarithm function as [23]
w(ky) =
1
2pii
∫ 2pi
0
dkx
∂
∂kx
log (hx(kx, ky) + ihy(kx, ky)) . (3.10)
Consequently, we have ∫
T 2
Ω = 2pi
∑
ky=k
(1)
y ,k
(2)
y ,...
±w(ky) ≡ 2piC, C ∈ Z. (3.11)
That is, the total flux of the Berry curvature is quantized and characterized by the integer C known
as the Chern number. Furthermore, the Chern number is equal to the sum of the winding numbers
around the z axis of the constant-ky loops that separate the north-pole regions from the south-pole
regions and inherit the orientations of the south-pole regions. Alternatively, (3.11) can be rewritten
as
C ≡ 1
2pi
∫
T 2
Ω = w(k(1)y )− w(k(2)y ) + w(k(3)y )− w(k(4)y ) + . . . , C ∈ Z, (3.12)
where the orientation of the constant-ky loop is taken to be the increasing-kx direction.
7 Generally, it is possible that a north- or south-pole singularity occupies a continues curve or even a continuous
region, instead of an isolated point, in the Brillouin zone. The following argument for the quantization of the flux
remains the same even if this occurs. Moreover, it is also possible that a noth pole and a south pole coincide in
the same ky. In this case, instead of a horizontal straight line as shown in Fig. 1, we have to choose a deformed
boundary line to detour around the coincident poles. For the special cases that hz(kx, ky) = hz(ky) is independent
of kx, which are the topic of Sec. IV C, the assumption that noth poles and south poles do not coincide in the
same ky is completely valid.
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kx
2pi
ky
2pi
kx
2pi
ky
2pi
k
(1)
y
k
(2)
y
k
(3)
y
k
(4)
y
FIG. 1. An example configuration of noth-pole singularities (solid dots) and south-pole singularities (hollow
dots) in the Brillouin zone T 2 ≡ [0, 2pi] × [0, 2pi]. Left : DN is covered by the shaded strips, and DS is by
the unshaded strips. Right : ∂DS ≡ −∂DN is given by the horizontal oriented lines.
B. Magnetic monopole
The Berry connection (3.6) as a one-form admits the equivalent expression in terms of dh:
A(h) := −i〈u−|d|u−〉 ≡ −i〈u−|∂h|u−〉dh. (3.13)
Substituting (3.2) into (3.13) then gives the explicit form of the Berry connection in terms of the
components in the h space:
A
(N)
hx
=
−hy
2|h|(|h|+ hz) , A
(N)
hy
=
hx
2|h|(|h|+ hz) , A
(N)
hz
= 0. (3.14)
By (3.7), the corresponding Berry curvature is then given by the h-space components:
Ωhxhy =
hz
2|h|3 , Ωhyhz =
hx
2|h|3 , Ωhzhx =
hy
2|h|3 . (3.15)
The magnetic filed strength Bhλ := hλhµhνΩhµhν is precisely the magnetic field produced by a unit
magnetic monopole located at the origin in the h space. Therefore, the Chern number, as a measure
of the total magnetic flux passing through the Brillouin zone, can be pictorially understood as how
many times the torus T 2 encloses the origin in the h space for the map h : T 2 → R3\{0}.
To visualize how the map h : T 2 → R3\{0} coils around the origin, see Fig. 5 for examples
of C = 1 and the figures in Sec. V for examples of C = 0, 1, 2. As ky increases, if an constant-ky
loop winding around the positive z axis becomes winding around the negative z axis or the other
way around, the winding number will change by an integer. It is intuitive to see that the integer
of this change counts up the number of times the torus encloses the origin. This gives a pictorial
explanation for (3.12).
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C. More about the winding number
In order to prove the bulk-boundary correspondence in the next section, we need to elaborate
on the winding number given in (3.10).
First, let us define
hxy(kx, ky) := hx(kx, ky) + ihy(kx, ky). (3.16)
By rewriting z = eikx and dz = ieikxdkx, the winding number given in (3.10) can be recast as a
contour integral along the unit circle on the complex plane:
w(ky) =
1
2pii
∮
|z|=1
dz
h′xy(z; ky)
hxy(z; ky)
. (3.17)
Note that, according to (2.4), hxy(z; ky) is a Laurent polynomial of z over C given by
hxy(z; ky) ≡ hx(kx, ky) + ihy(kx, ky)
∣∣∣
eikx→z
=
n¯x∑
n=−n¯x
wn(ky)z
n, (3.18)
where the coefficients are given by
wnx(yk) :=
n¯y∑
ny=−n¯y
einyky
(
wxnx,ny + iw
y
nx,ny
)
. (3.19)
Thus, zn¯xhxy(z; ky) is polynomial of z and can be formally factorized as
zn¯xhxy(z; ky) =
n¯x∑
n=−n¯x
wn(ky)z
n+n¯x = wn¯x(ky)
∏
j
(z − ξj)νj , (3.20)
where ξj are the roots of z
n¯xhxy(z; ky) and νj ∈ N are the corresponding multiplicities. Substituting
(3.20) for hxy(z; ky) into (3.17) leads to
w(ky) =
∑
j
1
2pii
∮
|z|=1
dz
νj
z − ξj −
1
2pii
∮
|z|=1
dz
n¯x
z
. (3.21)
Cauchy’s integral formula then implies
w(ky) = −n¯x +
∑
j=1,...
|ξj|<1
νj , where z
n¯xhxy(z; ky) ≡
n¯x∑
n=−n¯x
wn(ky)z
n+n¯x ∝
∏
j
(z − ξj)νj . (3.22)
That is, the winding number is the sum of the multiplicities of those roots of
∑n¯x
n=−n¯x wn(ky)z
n+n¯x
that are located inside the unit circle on the complex plane.8
8 Note that we assume |ξj | 6= 1 for all ξj in (3.20). If |ξj | = 1, we would have ξj = eiθ for some θ ∈ [0, 2pi] and
therefore hxy(kx = θ; ky) = 0, which is the case that the constant-ky loop hits the z axis and the winding number
cannot be defined.
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Similarly, repeating the above calculation with z = e−ikx , dz = −ie−ikxdkx and hxy(z−1; ky) =∑n¯x
n=−n¯x wn(ky)z
−n ≡∑n¯xn=−n¯x w−n(ky)zn, we obtain a different expression:
w(ky) = n¯x −
∑
j=1,...
|ξj|<1
νj , where z
n¯xhxy(z
−1; ky) ≡
n¯x∑
n=−n¯x
w−n(ky)zn+n¯x ∝
∏
j
(z − ξj)νj . (3.23)
Equivalently, the winding number can also be expressed in terms of
h∗xy(kx, ky) := hx(kx, ky)− ihy(kx, ky) (3.24)
as
w(ky) = − 1
2pii
∫ pi
−pi
dkx
d
dkx
log hxy(kx, ky)
∗, (3.25)
because the complex conjugation gives the opposite polar angle. Consequently, we have
w(ky) = −n¯x +
∑
j=1,...
|ξj|<1
νj , where z
n¯xh∗xy(z
−1; ky) ≡
n¯x∑
n=−n¯x
w∗n(ky)z
n+n¯x ∝
∏
j
(z − ξj)νj , (3.26)
and
w(ky) = n¯x −
∑
j=1,...
|ξj|<1
νj , where z
n¯xh∗xy(z; ky) ≡
n¯x∑
n=−n¯x
w∗−n(ky)z
n+n¯x ∝
∏
j
(z − ξj)νj , (3.27)
where h∗xy(z; ky) is defined as
h∗xy(z; ky) ≡ hx(kx, ky)− ihy(kx, ky)
∣∣∣
eikx→z
=
n¯x∑
n=−n¯x
w∗n(ky)z
−n (3.28)
in accord with (3.18). Equations (3.22), (3.23), (3.26) and (3.27) are the key identities that will
be used to relate the winding number to the multiplicity of the edge states.
IV. BULK-BOUNDARY CORRESPONDENCE ON A STRIP
To study the physics not only for the bulk but also for the boundaries, we have to remove the
periodic (Born-von Karman) boundary condition. The standard treatment is to consider a strip of
a lattice with a large but finite width as depicted in Fig. 2. That is, along the y direction, we still
impose the periodic boundary condition or simply treat the strip as infinitely long (i.e., take the
limit Ny → ∞); along the x direction, however, we keep Nx large but finite and impose the open
boundary condition on both edges (i.e., any out-of-edge hopping is set to vanish). More precisely,
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FIG. 2. Left : A strip of a two-dimensional lattice. Right : The strip can be viewed as a one-dimensional
lattice where each unit cell (shown as the enclosed region) consists of Nx sublattice sites.
the Hamiltonian of the strip, Hˆstrip, is given exactly as the same as Hˆbulk in (2.7) except that
the summands involving |mx − nx,my − ny〉〈mx,my| are dropped out as long as mx− nx is out of
range (i.e., mx − nx < 1 or mx − nx > Nx). In this section, we will make a precise statement of
the bulk-boundary correspondence on a strip in terms of the edge modes (i.e., energy eigenstates
localized on the right or left edge region) and provide a rigorous proof of it.
A. Casting the eigenvalue problem
In the presence of the boundary edges, the lattice translational invariance is broken along the x
direction, but remains respected along the y direction. Therefore, the lattice momentum ky is still
a good quantum number. In other words, the system of a strip can be viewed as a one-dimensional
lattice with each unit cell consisting of Nx sublattice sites, as shwon in Fig. 2. Under the Fourier
transformation with respect to ky, the Hamiltonian of the strip, Hˆstrip, is reduced into a ky-indexed
Hamiltonian, denoted as HˆNx(ky) and given by
HˆNx(ky) := 〈ky|Hˆstrip|ky〉 (4.1)
=
n¯y∑
ny=−n¯y
n¯x∑
nx=0
Nx∑
mx=nx+1
einyky |mx − nx〉〈mx| ⊗
 w0nx,ny + wznx,ny wxnx,ny − iwynx,ny
wxnx,ny + iw
y
nx,ny w
0
nx,ny − wznx,ny

+
n¯y∑
ny=−n¯y
n¯x∑
nx=1
Nx−nx∑
mx=1
e−inyky |mx + nx〉〈mx| ⊗
 w0−nx,−ny + wz−nx,−ny wx−nx,−ny − iwy−nx,−ny
wx−nx,−ny + iw
y
−nx,−ny w
0−nx,−ny − wznx,ny
 .
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The eigenvalue problem of HˆNx(ky)|Ψ(ky)〉 = E(ky)|Ψ(ky)〉 with
|Ψ(ky)〉 =
Nx∑
mx=1
|mx〉 ⊗
 amx
bmx
 , (4.2)
then gives 2Nx equations for 2Nx variables am and bn as
E(ky)amx =
n¯y∑
ny=−n¯y
einyky
n¯x∑
nx=−mx+1
(w0nx,ny + w
z
nx,ny)amx+nx + (w
x
nx,ny − iwynx,ny)bmx+nx ,
for mx = 1, . . . , n¯x, (4.3a)
E(ky)amx =
n¯y∑
ny=−n¯y
einyky
n¯x∑
nx=−n¯x
(w0nx,ny + w
z
nx,ny)amx+nx + (w
x
nx,ny − iwynx,ny)bmx+nx ,
for mx = n¯x + 1, . . . , Nx − n¯x, (4.3b)
E(ky)amx =
n¯y∑
ny=−n¯y
einyky
Nx−mx∑
nx=−n¯x
(w0nx,ny + w
z
nx,ny)amx+nx + (w
x
nx,ny − iwynx,ny)bmx+nx ,
for mx = Nx − n¯x + 1, . . . , Nx, (4.3c)
E(ky)bmx =
n¯y∑
ny=−n¯y
einyky
mx−1∑
nx=−n¯x
(wx−nx,ny + iw
y
−nx,ny)amx−nx + (w
0
−nx,ny − wz−nx,ny)bmx−nx ,
for mx = 1, . . . , n¯x, (4.3d)
E(ky)bmx =
n¯y∑
ny=−n¯y
einyky
n¯x∑
nx=−n¯x
(wx−nx,ny + iw
y
−nx,ny)amx−nx + (w
0
−nx,ny − wz−nx,ny)bmx−nx ,
for mx = n¯x + 1, . . . , Nx − n¯x, (4.3e)
E(ky)bmx =
n¯y∑
ny=−n¯y
einyky
n¯x∑
nx=mx−Nx
(wx−nx,ny + iw
y
−nx,ny)amx−nx + (w
0
−nx,ny − wz−nx,ny)bmx−nx ,
for mx = Nx − n¯x + 1, . . . , Nx. (4.3f)
Here, each of (4.3b) and (4.3e) gives N − 2n¯x equations for the lattice points in the bulk region
(i.e., away from the edges); each of (4.3a) and (4.3d) gives n¯x equations for the points close to
the left edge; each of (4.3c) and (4.3f) gives n¯x equations for the points close to the right edge.
Particularly, (4.3b) and (4.3e) for the bulk region can be combined into
E(ky)
 amx
bmx
 = n¯y∑
ny=−n¯y
n¯x∑
nx=−n¯x
einyky
 w0nx,ny + wznx,ny wxnx,ny − iwynx,ny
wxnx,ny + iw
y
nx,ny w
0
nx,ny − wznx,ny
 amx+nx
bmx+nx
 ,
for mx = n¯x + 1, . . . , Nx − n¯x. (4.4)
To solve the difference equation (4.4), the standard strategy is to make the ansatz amx
bmx
 =
 a
b
 ξmx (4.5)
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for some complex numbers a, b, and ξ to be solved. Substituting this ansatz into (4.4), we have
E(ky)
 a
b
 = n¯y∑
ny=−n¯y
n¯x∑
nx=−n¯x
ξnxeinyky
 w0nx,ny + wznx,ny wxnx,ny − iwynx,ny
wxnx,ny + iw
y
nx,ny w
0
nx,ny − wznx,ny
 a
b

=⇒
 h0(kx, ky) + hz(kx, ky)− E(ky) hx(kx, ky)− ihy(kx, ky)
hx(kx, ky) + ihy(kx, ky) h0(kx, ky)− hz(kx, ky)− E(ky)
∣∣∣∣∣∣
eikx→ξ
 a
b

≡
 h0(ξ; ky) + hz(ξ; ky)− E h∗xy(ξ; ky)
hxy(ξ; ky) h0(ξ; ky)− hz(ξ; ky)− E
 a
b
 = 0, (4.6)
where hxy(z; ky) and h
∗
xy(z, ky) are defined in (3.18) and (3.28) and ha(z; ky) is similarly defined as
ha(z; ky) := ha(kx, ky)
∣∣∣
eikx→z
≡
n¯y∑
ny=−n¯y
n¯x∑
nx=−n¯x
einykywan,nyz
n. (4.7)
This admits nontrivial solutions if and only if the determinant of the 2× 2 matrix vanishes, i.e.,
h2x(ξ; ky) + h
2
y(ξ; ky) + h
2
z(ξ; ky)− h20(ξ; ky)− E(ky)2 = 0. (4.8)
Obviously, ξ = eikx for any kx ∈ R gives a solution to (4.8) corresponding to E(ky) = h0(kx, ky)±
|h(kx, ky)|, because we have (2.3). If a linear superposition of (4.5) with various values of ξ = eikx
that correspond to a specific E(ky) satisfies the boundary conditions (4.3a), (4.3c), (4.3d), and
(4.3f), it is then an eigenstate of HˆNx(ky). Subject to these boundary conditions, the permitted
values of E(ky) for a given ky are reduced to a discrete spectrum. The eigenstates of this kind
are said to be inherited from the spectrum of Hˆ(k) and thus referred to as bulk states. The
spectrum lines, i.e. E(ky) against ky, of the bulk states of HˆNx(ky) are clustered into two groups
corresponding to h0(k)+ |h(k)| and h0(k)−|h(k)|, respectively;9 we will simply refer to these bulk
spectrum lines as upper or lower bulk bands, respectively.
Meanwhile, it is possible that (4.8) admits solutions with |ξ| 6= 1. These solutions, if any, are
referred to as edge states, which are defined as energy eigenstates of HˆNx(ky) that are localized on
the left or right edge region and exponentially decayed towards the opposite edge. The localization
on the left or right edge entails the condition |ξ| < 1 or ∣∣ξ−1∣∣ < 1, respectively. We will refer to
9 When Nx is large enough, the effect of imposing the open boundary condition upon the bulk states of HˆNx(ky)
is negligible, and consequently the bulk states of HˆNx(ky) are approximately given by (2.5) with kx = mδx
for m = 1, . . . , Nx and δx = 2pi/Nx as if the periodic boundary condition was still imposed in the x direction.
Approximately, the bulk spectrum lines of HˆNx(ky) against ky can be understood as the superimposition of the
tomographic cross sections of the spectrum of Hˆ(k) scanned along the kx direction.
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the spectrum lines against ky of the edge states as left or right edge bands, respectively. As long
as Nx is large enough (so that the finite size effect is negligible), the wavefunctions and energies of
edge states are independent of Nx, as opposed to bulk states (see Footnote 9). The proof is given
as follows.
For given ky and Nx, suppose we have a left edge mode solution with energy E(ky). This solution
|Ψ(ky)〉 must be a linear superposition of (4.5), i.e., 〈mx|Ψ(ky)〉 = (amx , bmx)T =
∑
i(ai, bi)
Tξmxi
with particular values of ξ = ξi and coefficients (ai, bi). All ξi satisfy (4.8) and |ξi| < 1. Further-
more, the linear superposition with the particular values of ξi and (ai, bi) satisfies the left boundary
conditions (4.3a) and (4.3d). The right boundary conditions (4.3c) and (4.3f) on the other hand
become superfluous, since |ξi| < 0 implies ξmxi → 0 as mx approaches the right edge in the large
Nx limit. Because the right boundary conditions become irrelevant and all the other relevant
conditions — (4.8) for the bulk and (4.3a) and (4.3d) for the left boundary — are independent
of Nx, the linear superposition (amx , bmx)
T =
∑
i(ai, bi)
Tξmxi remains an eigenstate with the same
energy E(ky), even if we change the value of Nx. The same argument can be repeated for right
edge modes. Therefore, we have proven that the edge states are independent of Nx.
We will study other features of edge states in depth shortly.
B. h0 = 0 symmetry
In case of h0(k) = 0 (i.e., w
0
nx,ny = 0 for all nx, ny), if (amx , bmx) is a solution to (4.3), it is
straightforward to show that (4.3a), (4.3b), and (4.3c) are interchanged with (4.3f), (4.3e), and
(4.3d), respectively, under the replacement (amx , bmx) → (b∗Nx+1−mx ,−a∗Nx+1−mx) and E(ky) →
−E(ky). That is, if |Ψ(ky)〉 given in (4.2) is an eigenstate of HˆNx(ky) with the eigenvalue E(ky),
then |Ψ˜(ky)〉 give by
|Ψ˜(ky)〉 =
Nx∑
mx=1
|mx〉 ⊗
 a˜mx
b˜mx
 = Nx∑
mx=1
|mx〉 ⊗
 b∗Nx+1−mx
−a∗Nx+1−mx
 , (4.9)
is an eigenstate of HˆNx(ky) with the opposite eigenvalue −E(ky).
Compared with (2.10), the relation between |Ψ(ky)〉 and |Ψ˜(ky)〉 can be understood as inherited
from the h0 = 0 symmetry of Hˆbulk. However, because the lattice translational invariance in x
direction is broken in the presence of the left and right boundaries, m¯x in (2.10) is now fixed to
Nx + 1. Consequently, the h0 = 0 symmetry relates a left edge mode with a right edge mode.
17
C. Special cases
The analysis in Sec. IV A shows that the bulk states of HˆNx(ky) is inherited from the spectrum of
Hˆbulk but says little about the edge modes. To learn more about the edge modes, it is advantageous
to first conduct a close investigation on the special case that h0(k) = 0 and hz(k) is independent
of kx. That is, before studying generic cases, we focus on the case that h0(k) vanishes identically
and hz(k) given in (2.4) takes the special form:
hz(kx, ky) ≡ hz(ky) =
∞∑
ny=−∞
wz0,nye
inyky , with wznx 6=0,ny = 0. (4.10)
See Fig. 5 for examples of special and generic cases and their difference. Substituting w0nx,ny = 0
(i.e., h0(k) = 0) and (4.10) into (4.3), we obtain
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E(ky)amx = hz(ky)amx +
n¯y∑
ny=−n¯y
einyky
n¯x∑
nx=−mx+1
(wxnx,ny − iwynx,ny)bmx+nx ,
for mx = 1, . . . , n¯x, (4.11a)
E(ky)amx = hz(ky)amx +
n¯y∑
ny=−n¯y
einyky
n¯x∑
nx=−n¯x
(wxnx,ny − iwynx,ny)bmx+nx ,
for mx = n¯x + 1, . . . , Nx − n¯x, (4.11b)
E(ky)amx = hz(ky)amx +
n¯y∑
ny=−n¯y
einyky
Nx−mx∑
nx=−n¯x
(wxnx,ny − iwynx,ny)bmx+nx ,
for mx = Nx − n¯x + 1, . . . , Nx, (4.11c)
E(ky)bmx = −hz(ky)bmx +
n¯y∑
ny=−n¯y
einyky
mx−1∑
nx=−n¯x
(wx−nx,ny + iw
y
−nx,ny)amx−nx ,
for mx = 1, . . . , n¯x, (4.11d)
E(ky)bmx = −hz(ky)bmx +
n¯y∑
ny=−n¯y
einyky
n¯x∑
nx=−n¯x
(wx−nx,ny + iw
y
−nx,ny)amx−nx
for mx = n¯x + 1, . . . , Nx − n¯x, (4.11e)
E(ky)bmx = −hz(ky)bmx +
n¯y∑
ny=−n¯y
einyky
n¯x∑
nx=mx−Nx
(wx−nx,ny + iw
y
−nx,ny)amx−nx ,
for mx = Nx − n¯x + 1, . . . , Nx. (4.11f)
The coupled equations (4.11) may admit edge modes that are purely “a-type” (i.e., with bmx =
0) or “b-type” (i.e., with amx = 0). Imposing bmx = 0 on (4.11a), (4.11b), and (4.11c), and
10 Also see Appendix A for the corresponding matrix form.
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substituting the ansatz (4.5) into (4.11e), we obtain the condition for a-type solutions:
a-type: E(ky) = hz(ky), (4.12a)
0 = hxy(ξ; ky), (4.12b)
where hxy(z; ky) is defined in (3.18). The solutions of ξ in (4.12b) are exactly those roots ξj of the
polynomial zn¯xhxy(z; ky). If ξj has multiplicity νj , any linear superpositions of
amx = m
`
xξ
mx
j , ` = 0, 1, . . . , ν − 1, (4.13)
are also solutions to (4.12b).11 In case ξj = 0, all the solutions in (4.13) collapse to amx = 0, which is
problematic and has to be subjected to closer scrutiny. The fact that ξj = 0 is a root of z
n¯xhxy(z; ky)
with multiplicity νj means that F (z) := z
n¯xhxy(z; ky) ≡
∑n¯x
n=−n¯x wn(ky)z
n+n¯x = zνjf(z), where
f(z) is a polynomial of z and f(0) 6= 0. Consequently, in F (z), the coefficients of z0, z1, . . . , zνj−1 all
vanish, namely, wn(ky) = 0 for n = −n¯x,−n¯x+1, . . . ,−n¯x+νj−1. This implies that (4.11e) in fact
does not involve a1, a2, . . . , aνj at all, as the index mx thereof runs for mx = n¯x + 1, . . . , Nx − n¯x.
Therefore, in case of ξj = 0, (4.11e) leaves a1, a2, . . . , aνj untouched, and thus we still have νj
linearly independent solutions to (4.12b), or more precisely to (4.11e), given as
amx = δmx,`, ` = 1, . . . , νj . (4.14)
To sum up, whether ξj vanishes or not, the root ξj with multiplicity νj corresponds to νj linearly
independent solutions to (4.11e).
To be left edge modes, we must have |ξj | < 1 and consequently we have
∑
j=1,...; |ξj |<1 νj indepen-
dent candidate left edge solutions. Furthermore, the solutions must satisfy the additional equations
that have not been considered yet, namely (4.11d) and (4.11f) (with bmx = 0). Whereas (4.11f)
becomes superfluous in the Nx → ∞ limit as ξNx → 0, (4.11d) gives additional n¯x constraints.12
Therefore, we have −n¯x +
∑
j=1,...; |ξj |<1 νj left edge modes.
13 By comparison with (3.22), it turns
11 If F (z) := zn¯xhxy(z; ky) ≡ ∑n¯xn=−n¯x wn(ky)zn+n¯x can be factorized as F (z) = (z − ξj)νjf(z), where f(z) is a
polynomial of z and f(ξj) 6= 0, we have ∂
`F (z)
∂z`
∣∣∣
z=ξj
=
∑n¯x
n=−n¯x wn(ky)
d`
dz`
zn+n¯x
∣∣∣
z=ξj
= 0 for ` = 1, . . . , νj − 1,
implying that amx =
d`
dξ`j
ξmx+n¯xj for ` = 1, . . . , vi − 1 are all solutions to
∑n¯x
mx=−n¯x wmx(ky)amx = 0. These
solutions of amx can be rearranged into (4.13).
12 Accidentally, (4.11d) might become degenerate (i.e., with rank smaller than n¯x) for a special value of ky, thus
imposing fewer than n¯x constraints. This occurs when a different edge band touches or intercepts the trajectory
of hz(ky) (or, equivalent, −hz(ky)) at the special point of ky, thus increasing the number of purely a-type (b-type)
solutions at the interception point. This accidental situation can be avoided by an adiabatic deformation.
13 Note that the role of (4.11d) is to impose extra n¯x constraints and its exact form is not essential here. Sec. IV E
will elaborate on this point.
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out that, for a given ky, the number of left edge modes that are purely a-type is given by the
winding number w(ky), provided w(ky) ≥ 0. Meanwhile, it follows from (4.12a) that, in the region
of ky with w(ky) > 0, the spectrum line of a-type left edge modes follows the function of hz(ky)
(more precisely, in the Nx →∞ limit). As a consequence, the a-type edge band branches out from
the upper bulk band cluster at the positions of ky where the constant-ky loop touches noth poles or
from the lower bulk band cluster at the positions where the constant-ky loop touches south poles,
because the upper and lower bulk bands are given by E = ±|h(kx, ky)|, respectively, and north
and south poles correspond to |h| = ±hz, respectively. See Fig. 3 for a schematic illustration. In
case there are no north or south poles (i.e., |h| 6= ±hz for all k ∈ T 2), the a-type edge band is a
“standalone” edge band, which does not touch the bulk bands anywhere.
On the other hand, imposing amx = 0 gives rise to the condition for b-type solutions:
b-type: E(ky) = −hz(ky), (4.15a)
0 = h∗xy(ξ; ky). (4.15b)
Following the same argument as above leads to the conclusion that, according to (3.27), the number
of left edge modes that are purely b-type is given by the |w(ky)|, provided w(ky) ≤ 0. Furthermore,
the edge band of b-type modes follows the trajectory of −hz(ky) and branches out from the upper
bulk band cluster at the positions of south poles or from the lower bulk band cluster at the positions
of north poles. See Fig. 3 again. Also note that purely a-type and b-type modes cannot appear at
the same time, because they correspond to opposite signs of w(ky).
Similarly, recasting the ansatz (4.5) as amx
bmx
 =
 a
b
 ξNx−mx , (4.16)
we can obtain the relation between w(ky) and the number of right edge modes that are purely
a-type or b-type, by virtue of (3.23) and (3.26). This relation is completely “symmetric” to that
for left edge modes under the h0 = 0 symmetry as discussed in Sec. IV B. In the following, we
will focus solely on the left edge modes, as the right edge modes can be readily obtained via the
symmetry.
It must be noted that we have not yet considered all possible edge modes, as it is well possible
that an edge mode may have both nonzero amx and bmx .
14 However, for our main purpose (which
14 As we will see in Sec. V J and Sec. V K, these edge bands are most likely induced by “edge perturbation”, which
is the topic of Sec. IV E.
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will become clear later), we are interested primarily in the edge bands that connect the upper and
lower bulk band clusters across the bulk gap. These edge bands, it turns out, must be purely
a-type or b-type. The proof by contradiction is given as follows.
Suppose there exists a “nonconforming” edge band that connects the upper and lower bulk
band clusters but does not follow the trajectory of ±hz(ky). The nonconforming band nevertheless
unavoidably intercepts the trajectory of ±hz(ky) somewhere. Imposing E(ky) = hz(ky) or E(ky) =
−hz(ky) upon (4.11) entails bmx = 0 or amx = 0, respectively, implying that any edge mode must
become purely a-type or b-type at the interception point with E(ky) = ±hz(ky). However, as
we have just proved, the multiplicity of purely a-type or b-type edge modes at ky is given by
|w(ky)|, except that ky happens to be an accidental point (as mentioned in Footnote 12). Since
the interception of a nonconforming edge band with ±hz(ky) is nonaccidental as it is unavoidable,
the assumption of existing a nonconforming edge band therefore leads to the contradiction against
what we have just proved. As a conclusion, the edge bands connecting the upper and lower bulk
band clusters must exactly follow the trajectory of ±hz(ky) and be purely a-type or b-type.
Apart from the “upper-to-lower” edge bands (i.e., those connecting the upper bulk band cluster
to the lower bulk band cluster in the increasing-ky direction; e.g., see (a) and (b) of Fig. 4) and
the “lower-to-upper” edge bands, there are other possibilities of edge bands. First, there might
be “upper-to-upper” edge bands, which appear from the upper bulk band cluster and merge back
into the upper bulk band cluster without touching the lower bulk band cluster. An upper-to-
upper edge band may occur within the bulk gap (e.g., see (d) and (e) of Fig. 4), above the top
contour of the upper bulk band cluster, or inside the upper bulk cluster. Likewise, there might be
“lower-to-lower” edge bands with both ends anchored to the lower bulk band cluster. As opposed
to upper-to-lower and lower-to-upper edge bands, an upper-to-upper or lower-to-lower edge band
may follow the trajectories of ±h(ky), intercept ±hz(ky) somewhere, or remain untouched with
±hz(ky), since the interception with ±hz(ky) is no longer unavoidable. If it follows the trajectories
of ±h(ky), it is purely a-type or b-type. If it intercepts ±hz(ky) somewhere, it becomes locally
a-type or b-type at the interception point.15 Finally, there might be “standalone” edge bands,
which stretch over the whole domain of ky and touch neither the upper bulk band cluster nor the
lower one (see (o) of Fig. 6). The standalone edge band is possible only if the trajectory of hz(ky)
does not connect the upper and lower bulk band clusters, because otherwise the standalone edge
band would unavoidably intercept ±hx(ky) somewhere, thus leading to the same contradiction as
15 This gives the accidental situation mentioned in Footnote 12.
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FIG. 3. Left : A schematic plot of the bulk band clusters (upper and lower shaded areas) and the function
of hz(ky) (solid curve). The positions of north and south poles (assumed to be the same as given in Fig. 1)
are indicated by solid and hollow dots, at witch the trajectory of hz(ky) branches out from the upper and
lower bulk band clusters, respectively. Right : An example of the left edge bands connecting the upper and
lower bulk bands. Those of a-type are indicated by solid curves, which follow the trajectory of hz(ky);
those of b-type are indicated by dashed curves, which follow the trajectory of −h(ky). Here, we assume
w(k
(1)
y ), w(k
(2)
y ) > 0 and w(k
(3)
y ), w(k
(4)
y ) < 0.
mentioned above for the case of upper-to-lower and lower-to-upper edge bands. Particularly, the
standalone edge band and the upper-to-lower or lower-to-upper edge band cannot coexist in the
special case. In case h(k) has no north or south poles, all constant-ky loops are of the same winding
number and the trajectory of ±hz(ky) will give rise to a standalone edge band with the multiplicity
given by the winding number.16
D. Counting the edge bands
According to the analysis in the previous subsection, the left edge bands connecting the upper
and lower bulk band clusters must either be a-type and follow the trajectory of +hz(ky) if w(ky) > 0
or be b-type and follow the trajectory of −hz(ky) if w(ky) < 0. Furthermore, the multiplicity of the
edge band is given by |w(ky)|. Take Fig. 1 as an example of the north and south poles configuration
for h(k). The trajectory of hz(ky) against the bulk band clusters is schematically depicted on the
left panel of Fig. 3. The left edge bands connecting the upper and lower bulk band clusters take
place in the intervals of ky that are delimited by a pair of north and south poles as depicted on
the right panel of Fig. 3.
Let N1 be the number (counted with multiplicities of degeneracy) of upper-to-lower left edge
bands and N2 be that of lower-to-upper left edge bands. Taking the right panel of Fig. 3 as an
16 This is demonstrated in Sec. V H.
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FIG. 4. More possible configurations of edge bands and impossible ones (marked with no-go signs.)
example, where the depiction assumes w(k
(1)
y ), w(k
(2)
y ) > 0 and w(k
(3)
y ), w(k
(4)
y ) < 0, we have
N1 −N2 =
∣∣∣w(k(1)y )∣∣∣− ∣∣∣w(k(2)y )∣∣∣− ∣∣∣w(k(3)y )∣∣∣+ ∣∣∣w(k(4)y )∣∣∣
= w(k(1)y )− w(k(2)y ) + w(k(3)y )− w(k(4)y ). (4.17)
A moment of reflection tells that N1−N2 remains the same as given in the final line of (4.17) even
if we assume different signs of w(k
(i)
y ), because flipping the sign of w(k
(i)
y ) also exchanges an a-type
edge band for an b-type edge band and vice versa, thus flipping an upper-to-lower edge band into
a lower-to-upper edge band or the other way around. The final line of (4.17) is exactly the Chern
number as given in (3.12). Therefore, for the special case, we have proved the bulk-boundary
correspondence, which is explicitly stated as follows:
Theorem 1 (Bulk-boundary correspondence). Let N1 be the number (counted with multiplicities
of degeneracy) of the left edge bands connecting the upper bulk band cluster to the lower bulk
cluster (in the increasing-ky direction) and N2 be that of the left edge bands connecting the lower
bulk band bluster to the upper bulk band cluster. We have
N1 −N2 = C, (4.18)
where C is the Chern number of the bulk momentum-space Hamiltonian Hˆ(k). Alternatively, N1
is also the number of the right edge bands connecting the lower bulk band cluster to the upper
bulk band cluster, and N2 is also the number of the right edge bands connecting the upper bulk
band cluster to the lower bulk band cluster.17
17 This alternative description can be easily inferred under the h0 = 0 symmetry, but it remains true even if the
h0 = 0 symmetry is broken (see Sec. IV F).
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There are more possibilities and detailed features of edge bands not shown in Fig. 3. Let us
discuss them with the illustration of Fig. 4. An edge band connecting the upper and lower bulk
bands as depicted in (a) of Fig. 4 might be continuously deformed into (b), thus giving rise to more
interception points with E = 0 in pairs with opposite signs of dE(ky)/dky. However, it cannot
be deformed into (c), where the edge band is not a single-valued function of ky. This is because
for any given ky, the total number of energy eigenstates (both bulk and edge modes included)
must equal 2Nx, which would be violated if an edge band were not a single-valued function of ky.
Furthermore, it is possible to have an upper-to-upper (or lower-to-lower) edge band as depicted in
(d), which may or may not follow the trajectory of ±hz(ky). Similarly, (d) might be deformed into
(e) and gives rise to interception points with E = 0 in pairs with opposite signs of dE(ky)/dky,
but it cannot be deformed into (f) for the same reason as that for (c). Finally, if the trajectory
of hz(ky) does not connect the upper and lower bulk bands, it is possible to have a standalone
edge band, which may or may not intercept E = 0 but anyway must be a single-valued function
of ky, for which the interception points with E = 0 are in pairs with opposite signs of dE(ky)/dky.
Taking all the possible and forbidden cases into account, we can paraphrase Theorem 1 into the
equivalent statement in terms of interception points with E = 0 of all edge bands (upper-to-lower,
lower-to-upper, upper-to-upper, lower-to-lower and standalone all included) as follows:
Theorem 2 (Bulk-boundary correspondence, equivalent description). Let N ′1 be the number
(counted with multiplicities of degeneracy) of the interception points with E = 0 of all left edge
bands at which the derivative dE(ky)/dky of the edge band is negative, and N
′
2 be the number of
those at which the derivative dE(ky)/dky is positive. We have
N ′1 −N ′2 = C. (4.19)
Alternatively, let N ′′1 be the number of the interception points with E = 0 of all right edge bands
at which the derivative dE(ky)/dky of the edge band is positive, and N
′′
2 be the number of those
at which the derivative dE(ky)/dky is negative.
18 We have
N ′′1 −N ′′2 = C. (4.20)
In case h0(k) 6= 0, the energy level is offset and the E = 0 level is replaced by the middle line
between the bulk energy gap.
18 With the h0 = 0 symmetry, we have N
′
1 = N
′′
1 and N
′
2 = N
′′
2 .
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E. Uniform edge perturbation
Recall our proof of the bulk-boundary correspondence starting from (4.11). For purely a-type
edge modes, the obtained candidate edge solutions as linear superpositions of (4.13) or (4.14) are
further subject to the “edge equations” (4.11d) and (4.11f), of which one becomes superfluous
(due to edge-mode exponential decay) and the other imposes additional n¯x constraints upon the
candidate solutions. As the role of these edge equations is mainly to place extra n¯x constraints, their
exact forms seem inessential as far as edge mode counting is concerned (also recall Footnote 13).
Consequently, we should expect that many results in Sec. IV C remain true, even if the edge
equations are deviated from the open boundary condition.
Let us study in more detail what will happen if, on top of the open boundary condition, we
introduce “uniform edge perturbation”, which perturbs only the edge regions and is translationally
invariant along the y direction. That is, the edge perturbation leaves the bulk equations (4.11b)
and (4.11e) unchanged and modifies the edge equations (4.11a), (4.11c), (4.11d) and (4.11f) into
E(ky)amx = hz(ky)amx +
n¯y∑
ny=−n¯y
einyky
n¯x∑
nx=−mx+1
(wxnx,ny − iwynx,ny)bmx+nx
+
n¯y∑
ny=−n¯y
einyky
n¯x∑
m′x=1
(ζ0mx,m′x;ny + ζ
z
mx,m′x;ny)am′x + (ζ
x
mx,m′x;ny − iζ
y
mx,m′x;ny
)bm′x ,
for mx = 1, . . . , n¯x, (4.21a)
E(ky)amx = hz(ky)amx +
n¯y∑
ny=−n¯y
einyky
Nx−mx∑
nx=−n¯x
(wxnx,ny − iwynx,ny)bmx+nx
+
n¯y∑
ny=−n¯y
einyky
Nx−n¯x+1∑
m′x=Nx
(ζ0mx,m′x;ny + ζ
z
mx,m′x;ny)am′x + (ζ
x
mx,m′x;ny − iζ
y
mx,m′x;ny
)bm′x ,
for mx = Nx − n¯x + 1, . . . , Nx, (4.21b)
E(ky)bmx = −hz(ky)bmx +
n¯y∑
ny=−n¯y
einyky
mx−1∑
nx=−n¯x
(wx−nx,ny + iw
y
−nx,ny)amx−nx
+
n¯y∑
ny=−n¯y
einyky
n¯x∑
m′x=1
(ζxmx,m′x;ny + iζ
y
mx,m′x;ny
)am′x + (ζ
0
mx,m′x;ny − ζzmx,m′x;ny)bm′x ,
for mx = 1, . . . , n¯x, (4.21c)
E(ky)bmx = −hz(ky)bmx +
n¯y∑
ny=−n¯y
einyky
n¯x∑
nx=mx−Nx
(wx−nx,ny + iw
y
−nx,ny)amx−nx
+
n¯y∑
ny=−n¯y
einyky
Nx−n¯x+∑
m′x=Nx
(ζxmx,m′x;ny + iζ
y
mx,m′x;ny
)am′x + (ζ
0
mx,m′x;ny − ζzmx,m′x;ny)bm′x ,
for mx = Nx − n¯x + 1, . . . , Nx, (4.21d)
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where ζamx,m′x;ny for mx = 1, . . . , n¯x, Nx−n¯x+1, . . . , Nx are arbitrary constant parameters that give
edge perturbation upon the coefficients wanx,ny (for nx = m
′
x −mx) at different edge sites indexed
by mx,
19 and the condition of hermiticity demands20
ζa∗mx,m′x;ny = ζ
a
m′x,mx;−ny . (4.22)
Firstly, consider the case that ζ0mx,m′x;ny and ζ
z
mx,m′x;ny
all vanish but some of ζxmx,m′x;ny and
ζymx,m′x;ny
are nonzero. For a purely a-type (i.e., bmx = 0) left edge mode, (4.21a) and (4.21b)
still yield E(ky) = hz(ky) and (4.21d) still becomes superfluous due to the exponential decay.
The only relevant change is in (4.21c), which imposes different extra n¯x constraints upon the
linear superposition of the candidate solutions. Consequently, an a-type left edge band remains
purely a-type and following the trajectory of hz(ky) with the same multiplicity given by w(ky), but
the corresponding wavefunctions are altered as the modified extra n¯x constraints permit different
coefficients for the superposition of the candidate solutions. For a-type right, b-type left, and b-type
right edge modes, the similar conclusion can also be drawn correspondingly. The edge bands that
follow the trajectories of ±h(ky) are said to be robust under the edge perturbation with vanishing
ζ0mx,m′x;ny and ζ
z
mx,m′x;ny
.
Meanwhile, the edge perturbation with nonzero ζxmx,m′x;ny or ζ
y
mx,m′x;ny
might give rise to addi-
tional edge bands that are neither purely a-type nor purely b-type and do not follow the trajectories
of ±hz(ky). We refer to them as “edge-perturbation-induced” edge modes. If an edge-perturbation-
induced edge band intercepts the trajectories of ±hz(ky), it becomes purely a-type or b-type at
the interception point, as a consequence of substituting E = ±hz into (4.11) and (4.21) with
ζ0m,m′;ny = 0 and ζ
z
m,m′;ny = 0.
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Secondly, consider the case that some of ζ0mx,m′x;ny and ζ
z
mx,m′x;ny
are nonzero. Under the edge
perturbation of this kind, imposing bmx = 0 upon (4.21a) or (4.21b) yields E(ky)amx = E(ky)amx+
. . . , which is in direct conflict with E(ky)amx = E(ky)amx implied by the bulk equation (4.11b)
with bmx = 0. Imposing amx = 0 leads to a similar contradiction. Therefore, edge modes are
no longer purely a-type or b-type (unless accidentally at some points) even at the points where
edge bands intercept the trajectories of ±hz(ky). The original a-type and b-type edge bands are
deformed from the trajectories of ±hz(ky) and become mixed in amx and bmx under the edge
perturbation. Meanwhile, just like the previous case of vanishing ζ0mx,m′x;ny and ζ
z
mx,m′x;ny
, the edge
perturbation might give rise to more edge bands.
19 Recall that in a special case we have w0nx,ny = 0 and w
z
nx 6=0,ny = 0 as shown in (4.10).
20 See Appendix A for a matrix form of (4.11) with (4.21) and the condition of hermiticity.
21 This is what might happen as mentioned in Footnote 12.
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With the inclusion of edge perturbation, the h0 = 0 symmetry discussed in Sec. IV B is broken
in general. Nevertheless, in the case of ζ0mx,m′x;ny = 0 and ζ
z
mx,m′x;ny
= 0, the energy spectrum still
exhibits the symmetric feature that the energy eigenvalues always appear in pairs with opposite
signs as predicted in Theorem 3. For the edge modes following the trajectories of ±hz(ky), this
symmetry associates a left edge mode of E = ±hz with a right edge mode of E = ∓hz, but the
corresponding wavefunctions are no longer related with each other via (4.9). On the other hand,
for edge-perturbation-induced edge modes, this symmetry associates a left (right) edge mode of
E = E0 with a different left (right) edge mode of E = −E0.22 Also see the comment in the
last paragraph of Appendix A for the comparison of the symmetry of Theorem 3 and the h0 = 0
symmetry.
Under uniform edge perturbation, the original edge bands may or may not deformed and more
edge bands may or may not arise, but in any case Theorem 1 and Theorem 2 still hold true as
will be explained in the next subsection. We will also demonstrate concrete examples of edge
perturbation in Sec. V J and Sec. V K
F. Generic cases
We have proved the bulk-boundary correspondence for the special case with h0(k) = 0 and
hz(k) = hz(ky) and without edge perturbation. In this subsection, we will show that Theorem 1
and Theorem 2 in fact remain valid for any generic cases of ha(k) as well as under any uniform
edge perturbation, mainly because any given h0(k) and h(k) can always be adiabatically deformed
into a special case.
For any arbitrary map ha : k ∈ T 2 7→ (h(k), h0(k)) ∈
(
R3\{0}) × R, it is trivial to see that
the part h0(k) can be continuously deformed into h0(k) = 0 without deforming the part of h(k).
On the other hand, at first thought, it seems impossible that an arbitrary h(k) can always be
continuously deformed into a special case with hz(kx, ky) = hz(ky) while maintaining gapped in
the bulk spectrum (i.e., h(k) 6= 0 for any k). Take Fig. 5 as an example, where h(k) as a map
from k ∈ T 2 ≡ [0, 2pi]× [0, 2pi] to h ∈ R3\{0} is illustrated as a torus embedded in the h space. As
the special case depicted in (a) has constant-ky loops all in the same orientation while the generic
case depicted in (b) has constant-ky loops paired in opposite orientations, it looks dubious that
22 Edge-perturbation-induced edge modes arise as a result of edge perturbation. As the left (right) induced edge
modes know nothing about the edge perturbation upon the right (left) region (because of edge-mode exponential
decay), the symmetry of Theorem 3 must be between two left (right) induced edge modes.
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FIG. 5. h : k 7→ h(k) is illustrated as a torus embedded in the h space. Trajectories {h(kx, ky)|kx ∈ [0, 2pi]}
of constant ky are depicted as oriented loops (called “constant-ky loops”). (a): An example of a special case
with hz(k) = hz(ky). (b): An example of a generic case. (c): An example as adiabatically deformed from
(a). (d): An example as adiabatically deformed from (b). All four examples are of C = 1.
they can be adiabatically deformed into each other although they give the same Chern number.
However, one can adiabatically deform (a) into (c) by “pinching” the tube of the torus in a way
that the part not close to the origin is shrunk into a one-dimensional line (i.e., constant-ky loops
are shrunk into single points) while the part close to the origin remain bulged. Likewise, (b) can be
adiabatically deformed into (d). It is then obvious that (c) and (d) can be adiabatically deformed
into each other. Therefore, via (a) ↔ (c) ↔ (d) ↔ (b), it turns out the special case (a) and the
generic case (b) can be adiabatically deformed into each other. Generically, h(k) might be more
complicated than depicted in Fig. 5 and the torus embedded in the h space may coil around the
origin several times, depending on its Chern number. In any case, we can always adiabatically
deform it into a special case with the same coiling structure by the same strategy illustrated in
Fig. 5.
Once we realize that any generic ha(k) can be adiabatically deformed from a special case, the
energy spectrum of both bulk and edge modes for a generic ha(k) can be viewed as continuously
deformed from that of a corresponding special case. Furthermore, if edge perturbation is intro-
duced, the energy spectrum can also be viewed as continuously deformed from that without edge
perturbation. When a special case is adiabatically deformed into a generic case or continuously
deformed to include uniform edge perturbation, the upper and lower bulk bands remain gapped
but a few qualitative changes can happen for the edge bands as discussed in the following.
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Firstly, if h0(k) = 0 is continuously deformed into h0(k) 6= 0 in the k space, for a given ky,
each discrete eigenvalue E(ky) (whether it corresponds to a bulk mode or an edge mode) in the
spectrum of HˆNx(ky) will continuously shift accordingly to (4.8). The energy shift of each spectrum
line is also continuous with respect to the change of ky. As a result, the whole band structure of
spectrum lines (both bulk and edge bands included) against ky is continuously deformed into a new
one. Provided that |∇kh0(k)| is small enough so that energies of the upper and lower bulk bands
do not overlap, the system remains a bulk insulator. In this case, the numbers of upper-to-lower
and lower-to-upper edge bands remain the same under the continuous deformation upon the whole
band structure. Therefore, Theorem 1 and Theorem 2 still hold up, except that the energy level is
offset and accordingly the E = 0 level is replaced by the middle line between the bulk energy gap.
Secondly, unlike the special case, hz is no longer a function of ky alone and it makes no sense to
talk about the trajectory of ±hz(ky). Consequently, the upper-to-lower and lower-to-upper edge
modes in general are no longer purely a-type or b-type. The positions of ky where the edge bands
branch out from the bulk band clusters are no longer identified with north or south poles, either.
Furthermore, the fact that the left (right) edge bands connecting the upper and lower bulk band
clusters cannot intercept one another in a special case no longer holds true in a generic case. Two
left (right) edge bands that do not intercept each other can be deformed into two left (right) edge
bands that intercept each other and vice versa.
Thirdly, deformations between (a) and (b) and between (d) and (e) in Fig. 4 can also take place
when a special case is deformed into a generic case.
Finally, more different kinds of change are possible as depicted in Fig. 6.23 We focus solely on
left edge bands in the following discussion, as the situation for right edge bands is similar. For
(a)–(c): In a special case, an upper-to-lower (or lower-to-upper) edge band may have degeneracy
(if the multiplicity |w(ky)| > 0). When the special case is deformed into a generic case, the
degeneracy is in general lifted and the edge band is split into many bands as shown as the change
from (a) to (b). However, the change from (b) to (c) is impossible for the same reason for the no-go
patterns in Fig. 4. For (d)–(f): A new upper-to-upper (or lower-to-lower) edge band may appear
as splitting from the bulk band cluster as shown in (d);24 conversely, an upper-to-upper edge band
23 Fig. 4 and Fig. 6 are only schematic. Under deformation, both the bulk bands and the edge bands are deformed,
but only the deformation of the latter is depicted. Also note that edge bands in general can appear anywhere —
within the bulk gap, above the upper bulk band cluster, below the lower bulk band cluster, or even inside the bulk
band clusters (see (a) and (b) of Fig. 17). Fig. 4 and Fig. 6 only depict the case of edge bands within the bulk
gap, and accordingly the upper (lower) contour of the upper (lower) bulk band cluster is not shown.
24 A new upper-to-upper edge band can appear above the bulk band cluster or inside the cluster as well as within
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may disappear as submerging into the bulk band cluster. The upper-to-upper edge band can be
stretched downwards to the extent that it touches the lower (upper) bulk band cluster as shown
in (e). The configuration in (e) can be further morphed into two edge bands connecting the upper
and lower bulk band clusters as shown in (f). The converse changes from (f) to (e) and (e) to (d)
are also possible. For (g)–(i): An upper-to-lower edge band and a lower-to-upper edge band as
shown in (g) can be deformed into an upper-to-upper edge band and a lower-to-lower left edge band
as shown in (h). The converse from (h) to (g) is also possible. However, (g) cannot be morphed
into (i) for the same reason for the no-go patterns in Fig. 4. It is noteworthy that the pattern
of (g) is impossible in a special case, where left edge bands connecting the upper and lower bulk
band clusters follow the trajectory of ±hz(ky) and do not intercept one another. Nevertheless,
(g) is possible in a generic case, as the pattern of (e) or (f) in a special case can be morphed
into (g). For (j)–(l): An upper-to-upper (or lower-to-lower) edge band and an upper-to-lower (or
lower-to-upper) edge band as shown in (j) can be deformed to touch each other as shown in (k).
They can be further morphed into a single edge band connecting the upper and lower bulk band
clusters as shown in (l). The converse changes from (l) to (k) and (k) to (j) are also possible. For
(m)–(o): Two upper-to-upper (lower-to-lower) edge bands as shown in (m) can be merged into a
single upper-to-upper (lower-to-lower) edge band as shown in (n). An edge band as in (n) can be
deformed into a standalone edge mode as shown in (o). Conversely, a standalone edge band as in
(o) can be deformed to touche the bulk band and become a nonstandalone edge band as in (n); an
edge band as in (n) can split into two edge bands as in (m).
It should be emphasized that in Fig. 6 two edge bands depicted in a same plot are both left
(or, equivalently, right) edge bands. A left edge band and a right edge band cannot merge with
each other as two left edge bands do, because the left edge band remains localized on the left edge
while the right edge band on the right edge. Therefore, under deformations, the left edge modes
and right edge modes can be treated as independent of each other. If h0(k) = 0 remains true, the
left edge modes and the right edge modes are related via (4.9).
Taking into account all possible and forbidden deformations discussed above and the fact that
the left and right edge modes do not mix with each other, we can easily draw the conclusion
that, even though N1,2, N
′
1,2, and N
′′
1,2 as defined in Theorem 1 and Theorem 2 are in general
altered under the deformation from a special case to a generic case and under arbitrary uniform
edge perturbation, N1 − N2, N ′1 − N ′2, and N ′′1 − N ′′2 nevertheless remain fixed. Therefore, we
the bulk gap, although only the case within the bulk gap is depicted.
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FIG. 6. Various examples of possible configurations of edge bands and impossible ones (marked with no-go
signs) in generic cases.
have proved Theorem 1 and Theorem 2 for any arbitrary cases including those with uniform edge
perturbation.
G. Semi-special cases
For special cases, in addition to the topological features in relation to edge mode numbers,
we also know a great deal about nontopological traits of the energy spectrum — particularly, the
trajectories of ±hz(ky) give rise to edge bands with the multiplicity given by |w(ky)| and these edge
bands are purely a-type or b type. Therefore, even before conducting numerical computation for
the energy spectrum of a strip, the energy spectrum (for both bulk and edge modes included) can
be largely anticipated from h(k) alone, except for the finite size effect (which is negligible when
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Nx is large enough) and possibly extra edge bands that do not follow the trajectories of ±hz(ky)
and are most likely induced by edge perturbation.
For generic cases, although the bulk-boundary correspondence still holds up, we are unable to
foresee nontopological features in advance as for special cases. However, if a generic case happens to
be “semi-special”, the nontopological features can be anticipated again. The semi-special condition
is satisfied if h0(k) = 0 and every constant-ky loop lies on a planar surface in the k space. See (c)
of Fig. 8 and (f) of Fig. 11 for examples of the semi-special case. Also note that many renowned
models, such as the Rice-Mele model [19], the Haldane model [20], and the Qi-Wu-Zhang model
[21], satisfy the semi-special condition.
Let nˆ(ky) be the normal unit vector of the plane where the constant-ky loop lies (and the
orientation of the plane is defined as that of the constant-ky loop). For a given ky, we can always
rotate the three axes (hx, hy, hz) in the k space into the new ones (h
′
x, h
′
y, h
′
z) such that the direction
of h′z is aligned with nˆ(ky). Then, in the vicinity of ky, we have h′z(kx, ky) ≈ h′z(ky) and the system
can be temporarily viewed as a special case by treating h′z as hz. The results obtained in Sec. IV C
for the special case can then be straightforwardly carried over for the semi-special case in the
vicinity of ky, except that, in accordance with the rotation from (hx, hy, hz) to (h
′
x, h
′
y, h
′
z), the
components (amx , bmx) are replaced by (a
⊥
mx , b
⊥
mx), where the spinor amx |↑〉+ bmx |↓〉 is adaptively
recast as a⊥mx |↑⊥〉+ b⊥mx |↓⊥〉 with |↑⊥〉 and |↓⊥〉 being the two eigenstates of nˆ(ky) · σ.
Let h⊥(ky) be a function of ky defined as h⊥ : ky 7→ h′z(ky). We arrive at the conclusion for
the semi-special case that the trajectories of ±h⊥(ky) against ky give rise to edge bands with the
multiplicity given by |w⊥(ky)|, which is the winding number of the constant-ky loop winding around
the h′z(ky) axis. These edge bands are no longer purely a-type or b-type; instead, they become
purely a⊥-type or b⊥-type (i.e., either b⊥mx = 0 or a
⊥
mx = 0 for all mx). That is, the semi-special
condition entails “spin-momentum locking”: the (pseudo)spin is either parallel or antiparallel to
the direction of nˆ(ky) in edge states that follow the trajectories of ±h⊥(ky).
It should be noted that in general one cannot associate any given constant-ky loop with a
unique direction like nˆ(ky), unless the semi-special condition is satisfied. Therefore, the notion
of spin-momentum locking does not make sense beyond semi-special cases. The spin-momentum
locking is not a topological trait in the strict sense that it is robust under any arbitrary adiabatic
deformations; rather, it is robust only under deformations within the confines of the semi-special
condition.
Finally, the semi-special condition might be satisfied only in a local open neighborhood of ky.
If this happens, all the consequences discussed above hold true locally inside the neighborhood.
32
V. EXAMPLES
In order to illustrate various concepts and results we have obtained, we investigate a few con-
crete examples of special, semi-special, and generic cases, and perform numerical computation for
the energy spectrum of a strip.25 All the examples confirm what we have discussed, especially
Theorem 1 and Theorem 2. For simplicity, we set h0(k) = 0 and focus only on left edge modes as
the right counterparts are simply related via the h0 = 0 symmetry. In Sec. V J and Sec. V K, we
also take into account edge perturbation upon a special case.
A. Special case I
We first study a special case with the bulk momentum-space Hamiltonian Hˆ(k) = h · σ given
by
hx(kx, ky) = 1− 0.2 sin ky + cos 2ky + 0.4 cos kx, (5.1a)
hy(kx, ky) = 0.4 sin kx, (5.1b)
hz(kx, ky) = hz(ky) = 0.16 cos ky + 0.8 sin 2ky. (5.1c)
The map h : T 2 → R3 \ {0} can be visualized as a torus embedded in the h space as shown in
(c) of Fig. 7. Each constant-ky loop is a regular circle, lying on a plane perpendicular to the hz
axis (i.e., hz(k) = hz(ky)). The torus as a tube of constant-ky loops coils around the origin h = 0
twice, thus yielding the Chern number C = 2. The regions of the bulk band clusters for a strip
are delineated by ±minkx |h(kx, ky)| and ±maxkx |h(kx, ky)|, provided Nx is large enough. The
regions of the bulk band clusters and the trajectory of hz(ky) are depicted in (a) of Fig. 7.
To see the energy spectrum of a strip, we numerically solve the eigenvalue problem (4.3) — or
equivalently (4.11) — associated wih (5.1). The energy spectrum with Nx chosen to be Nx = 15 is
depicted in (b) of Fig. 7. The schematic illustration of Fig. 3 is affirmed: The edge bands follow the
trajectories of ±hz(ky) with the multiplicity given by |w(ky)|. The wavefunctions for two particular
points in the edge bands are depicted in terms of |amx |, |bmx | in (d) and (c). They are localized at
the left edge and exponentially decayed towards the right edge. Both of them are purely a-type.
25 The exact numerical values of various parameters and Nx are carefully chosen to give optimal illustration. Par-
ticularly, Nx is chosen adaptively to be big enough so that the finite-size effect is negligible and small enough so
that the spectrum lines are distinctively visible.
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FIG. 7. Special case I with (5.1). (a): The anticipated regions of the bulk bands (shaded areas) and the
trajectory of hz(ky) (solid curve). The positions of the north and south poles are indicated by solid and
hollow dots, respectively. The winding number w(ky) for different portions of ky is indicated on the top. (b):
The energy spectrum of a strip with Nx = 15. The edge bands appear within the bulk gap, following the
trajectories of ±hz(ky). The left edge bands are highlighted by thick curves. (c): h : k 7→ h(k) illustrated
as a torus embedded in the h space. The oriented loops represent various constant-ky loops. (d) and (e):
The edge mode wavefunctions presented as bar charts of |a1|, |b1|, . . . , |aNx |, |bNx | for the two dotted points
as indicated in (b). They are localized at the left edge and purely a-type (bmx = 0).
B. Semi-special case I
Next, we study a semi-special case given by
hx(kx, ky) = 1− 0.2 sin ky + (1− 0.4 cos kx) cos 2ky, (5.2a)
hy(kx, ky) = 0.4 sin kx, (5.2b)
hz(kx, ky) = 0.16 cos ky + (1− 0.4 cos kx) sin 2ky. (5.2c)
Each constant-ky loop is a regular circle lying on a planar surface in the k space. Unlike the special
case, however, we no longer have hz(k) = hz(ky). As depicted in (c) of Fig. 8, (5.2) can be viewed
as deformed from (5.1) in the similar manner that (a) and (b) in Fig. 5 are related to each other.
The energy spectrum of a strip with Nx = 15 is depicted in (b) of Fig. 8. The edge bands
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FIG. 8. Semi-special case I with (5.2). (a): The anticipated regions of the bulk bands and the trajectory
of h⊥(ky) (solid curve). The winding number w⊥(ky) around the h′(ky) axis for different portions of ky is
indicated on the top. (b): The energy spectrum of a strip with Nx = 15. The edge bands appear within the
bulk gap, following the trajectories of ±h⊥(ky). The left edge bands are highlighted by thick curves. (c):
h : k 7→ h(k) illustrated as a torus embedded in the h space. (d) and (e): The edge mode wavefunctions for
the two dotted points as indicated in (b). They are localized at the left edge but no longer purely a-type or
b-type. (f) and (g): The same wavefunctions of (d) and (e) shown in terms of
∣∣a⊥mX ∣∣ and ∣∣b⊥mX ∣∣. They are
purely a⊥-type.
follow the trajectories of ±h⊥(ky). The wavefunctions of edge modes are no longer purely a-type
or b-type but have both nonzero amx and nonzero bmx as shown in (d) and (e). However, if we
transform amx and bmx into a
⊥
mx and b
⊥
mx , the edge modes become purely a
⊥-type or b⊥-type as
shown in (f) and (g).
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C. Generic case I
We further deform the semi-special case (5.2) into a generic case given by
hx(kx, ky) = 1− 0.2 sin ky + (1− 0.4 cos kx) cos 2ky, (5.3a)
hy(kx, ky) = 0.4 sin kx, (5.3b)
hz(kx, ky) = 0.16 cos ky + (1− 0.4 cos kx + 0.3 sin 2kx) sin 2ky. (5.3c)
This case is truly generic in the sense that each constant-ky loop no longer lies on a planar surface
in the h space as can be seen in (c) and (d) of Fig. 9. The trajectories of edge bands cannot
be anticipated in advance, but the energy spectrum shown in (b) of Fig. 9 can be understood
as deformed from (b) of Fig. 8. The edge modes are not purely a-type or b-type. Unlike the
semi-special case, we can no longer associate the constant ky-loop with a unique direction.
D. Special case II
We also study a special case with a different h(k) given by
hx(kx, ky) = 0.8 + cos ky + 0.4 cos kx + 0.5 cos(2kx − pi), (5.4a)
hy(kx, ky) = 0.4 sin kx + 0.5 sin(2kx − pi), (5.4b)
hz(kx, ky) = hz(ky) = 0.3 sin ky. (5.4c)
As visualized in (c) of Fig. 10, each constant-ky loop is a rhodonea curve, lying on a plane perpen-
dicular to the hz axis. The rhodonea curves of different values of ky winds around the hz axis with
the different winding numbers w = 0, w = 1, and w = 2, consequently yielding the Chern number
C = 2.
The energy spectrum with Nx = 25 is depicted in (b) of Fig. 10. The schematic illustration of
Fig. 3 is affirmed again: The edge bands follow the trajectories of ±hz(ky) with the multiplicity
given by |w(ky)|. The wavefunctions of edge bands are purely a-type or b-type as depicted in
(d)–(f).
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FIG. 9. Generic case I with (5.3). (a): The anticipated regions of the bulk bands. (b): The energy
spectrum of a strip with Nx = 15. The edge bands appear within the bulk gap. The left edge bands are
highlighted by thick curves. (c): h : k 7→ h(k) illustrated as a torus embedded in the h space. (d): The side
view of (c). (e) and (f): The edge mode wavefunctions for the two dotted points as indicated in (b).
E. Semi-special case II
Next, we study a semi-special case given by
hx(kx, ky) = 0.8 +
(
1− 0.4 cos kx + 0.5 cos(2kx − pi)
)
cos ky, (5.5a)
hy(kx, ky) = 0.4 sin kx + 0.5 sin(2kx − pi), (5.5b)
hz(kx, ky) = 0.3
(
1− 0.4 cos kx + 0.5 cos(2kx − pi)
)
sin ky. (5.5c)
As depicted in (f) of Fig. 11, (5.5) can be viewed as deformed from (5.4) in the similar manner
that (a) and (b) in Fig. 5 are related to each other.
The energy spectrum of a strip with Nx = 25 is depicted in (d) and (e) Fig. 11. The edge
bands follow the trajectories of ±h⊥(ky) with the multiplicity given by |w⊥(ky)|. The edge mode
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FIG. 10. Special case II with (5.4). (a): The anticipated regions of the bulk bands and the trajectory of
hz(ky). The positions of the north and south poles is indicated by solid and hollow dots, respectively. The
winding number w(ky) for different portions of ky are indicated on the top. (b): The energy spectrum of
a strip with Nx = 25. The edge bands appear within the bulk gap, following the trajectories of ±hz(ky).
The left edge bands are highlighted by thick curves. (c): h : k 7→ h(k) illustrated as a torus embedded in
the h space. Each constant-ky loop is a rhodonea curve. (d)–(f): The edge mode wavefunctions for the two
dotted points as indicated in (b). They are localized at the left edge and purely a-type. Note that the edge
bands in the w = 2 portion of ky (e.g., ky = 2.94) are two-fold degenerate — there are two eigenstates for
the same edge band point as shown in (e) and (f).
wavefunctions are shown in Fig. 12. The edge modes are no longer purely a-type or b-type, but
they are purely a⊥-type or b⊥-type.
F. Generic case II
We further deform the semi-special case (5.5) into a generic case given by
hx(kx, ky) = 0.8 +
(
1− 0.4 cos kx + 0.5 cos(2kx − pi)
)
cos ky, (5.6a)
hy(kx, ky) = 0.4 sin kx + 0.5 sin(2kx − pi), (5.6b)
hz(kx, ky) = 0.3
(
1− 0.4 cos kx + 0.5 cos(2kx − pi) + 0.3 sin kx
)
sin ky. (5.6c)
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FIG. 11. Semi-special case II with (5.5). (a): The anticipated regions of the bulk bands and the trajectory
of h⊥(ky) (solid curve). The winding number w⊥(ky) around the h′z(ky) axis for different portions of ky
is indicated on the top. (b) and (c): The close-up views of (a). (d): The energy spectrum of a strip with
Nx = 25. The edge bands appear within the bulk gap, following the trajectories of ±h⊥(ky). The left edge
bands are highlighted by thick curves. (e) The close-up view of (d). (f): h : k 7→ h(k) illustrated as a torus
embedded in the h space.
In this case, each constant-ky loop no longer lies on a planar surface in the h space as can be seen
in (d) and (e) of Fig. 13. The trajectories of edge bands cannot be anticipated in advance, but the
energy spectrum shown in (b) and (c) of Fig. 13 can be understood as deformed from (d) and (e) of
Fig. 11. Particularly, the two-fold degenerate edge bands in the neighborhood of ky = pi as shown
in (d) of Fig. 11 are split into two distinct edge bands as shown in (b) and (c) of Fig. 13, exhibiting
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FIG. 12. Semi-special case II with (5.5) (Contiued). (a)–(e): The edge mode wavefunctions for the three
dotted points as indicated in (d) and (e) of Fig. 11. They are localized at the left edge but not purely
a-type or b-type. Note that the edge bands in the w⊥ = 2 portions of ky (e.g., ky = 1.67 and ky = 2.94) are
two-fold degenerate. (f)–(j): The same wave functions of (a)–(e) shown in terms of
∣∣a⊥mX ∣∣ and ∣∣b⊥mX ∣∣. They
are purely a⊥-type.
the occurrence of (a) → (b) as depicted in Fig. 6.26 Furthermore, one of the split edge bands is
merged with an upper-to-upper edge band in the manner depicted as (k)→ (l) in Fig. 6. Finally,
the two-fold degenerate upper-to-upper edge band appearing in the neighborhood of ky = 1.67
as shown in (e) of Fig. 11 disappears in (b) and (c) of Fig. 13, exhibiting the reverse process as
mentioned for (d) of Fig. 6.
26 This tells us that the condition for having a degenerate edge band is that the semi-special condition has to be
satisfied and that the edge band multiplicity give by |w⊥(ky)| is greater than one.
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FIG. 13. Generic case II with (5.6). (a): The anticipated regions of the bulk bands. (b): The energy
spectrum of a strip with Nx = 25. The edge bands appear within the bulk gap. The left edge bands are
highlighted by thick curves. (c): The close-up view of (b). (d): h : k 7→ h(k) illustrated as a torus embedded
in the h space. (d): The side view of (d). (f)–(h): The edge mode wavefunctions for the three dotted points
as indicated in (b) and (c). They are localized at the left edge but not purely a-type or b-type. Note that
the two-fold degeneracy of edge bands in Fig. 11 is now lifted.
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G. Special case III
Additionally, we consider a simple example that exhibits standalone edge bands. The function
h(k) is given by
hx(kx, ky) = 0.3 + (1− 0.5 cos ky) cos kx, (5.7a)
hy(kx, ky) = (1− 0.5 cos ky) sin kx, (5.7b)
hz(kx, ky) = hz(ky) = 0.5 sin ky. (5.7c)
As shown in (c) and (d) of Fig. 14, each constant-ky loop is a regular circle, lying on a plane
perpendicular to the hz axis and winding around the hz axis once. As the torus of h(k) does
not enclose the origin h = 0, the Chern number is C = 0. Furthermore, there are no south and
north poles, so the trajectory of hz(ky) does not touch the bulk band clusters. Consequently, it is
expected that the trajectory of hz(ky) gives rise to a standalone edge band with the multiplicity
given by |w(ky)| = 1. The numerical result indeed confirms the expectation as shown in Fig. 14.
H. Special case IV
Next, we consider a simple example with the function h(k) given by
hx(kx, ky) = 0.8 + (1− 0.5 cos ky) cos kx, (5.8a)
hy(kx, ky) = (1− 0.5 cos ky) sin kx, (5.8b)
hz(kx, ky) = hz(ky) = 1 + 0.5 sin ky, (5.8c)
which is deformed from (5.7) simply by a translation in the h space as shown in (c) and (d) of
Fig. 15. The Chern number remains C = 0. As the trajectory of hz(ky) now touches the upper
bulk band cluster, the standalone edge bands in (b) of Fig. 14 become nonstandalone edge bands
in (b) of Fig. 15, exhibiting the occurrence of (o)→ (n) as depicted in Fig. 6.
I. Special case V
Finally, we also study a special case with the function h(k) given by
hx(kx, ky) = 0.5− 0.6 sin ky + cos 2ky + 0.5 cos kx, (5.9a)
hy(kx, ky) = 0.5 sin kx, (5.9b)
hz(kx, ky) = hz(ky) = 0.3 cos ky + 0.5 sin 2ky. (5.9c)
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FIG. 14. Special case III with (5.7). (a): The anticipated regions of the bulk bands (shaded areas) and
the trajectory of hz(ky) (solid curve). The winding number w(ky) is w = 1 everywhere. (b): The energy
spectrum of a strip with Nx = 20. The standalone edge bands appear within the bulk gap. The left edge
band is highlighted by a thick curve. (c): h : k 7→ h(k) illustrated as a torus embedded in the h space. (d)
The side view of (d). (e): The edge mode wavefunction for the dotted point indicated in (b). It is localized
at the left edge and purely a-type.
As visualized in (c) of Fig. 16, embedding of h(k) in the h space is similar to (c) of Fig. 7 except
that now the torus coils around the origin h = 0 only once, thus yielding the Chern number C = 1.
The energy spectrum with Nx = 15 is depicted in (b) of Fig. 16. The schematic illustration of
Fig. 3 is affirmed: The edge bands follow the trajectories of ±hz(ky) with the multiplicity given by
|w(ky)|. They are purely a-type or b-type.
This provides an example of a special case that possesses three kinds (upper-to-upper, lower-
to-lower, and upper-to-lower) of left edge modes and serves as a good testing ground for adding
edge perturbation. In the following two subsections, we will impose edge perturbation upon this
case to demonstrate what has been discussed in Sec. IV E.
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FIG. 15. Special case IV with (5.8). (a): The anticipated regions of the bulk bands (shaded areas) and the
trajectory of hz(ky) (solid curve). The positions of the noth poles are indicated by solid dots. The winding
number w(ky) for different portions of ky is indicated on the top. (b): The energy spectrum of a strip with
Nx = 20. The edge bands appear within the bulk gap. The left edge band is highlighted by a thick curve.
(c): h : k 7→ h(k) illustrated as a torus embedded in the h space. (d): The side view of (c). (e): The edge
mode wavefunction for the dotted point indicated in (b). It is localized at the left edge and purely a-type.
J. Edge perturbation I
In the above examples so far, edge bands all appear within the bulk gap. We have not seen
edge bands appear above the upper bulk band cluster, below the lower bulk band cluster, or inside
the bulk band clusters (recall Footnote 23). Nor have we seen two left (right) edge bands appear
simultaneously as in the configurations of (g) and (h) in Fig. 6. It turns out these possibilities can
be produced by adding uniform edge perturbation, which is now studied in the present and next
subsections.
For simplicity, we impose edge perturbation only on the left edge region upon the special case
given by (5.9). First, we consider the case that, in (4.21), ζ0mx,m′x;ny and ζ
z
mx,m′x;ny
all vanish but
some of ζxmx,m′x;ny and ζ
y
mx,m′x;ny
are nonzero. Particularly, we study two sets of edge perturbation
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FIG. 16. Special case V with (5.9). (a): The anticipated regions of the bulk bands and the trajectory of
hz(ky). The positions of the north and south poles is indicated by solid and hollow dots, respectively. The
winding number w(ky) for different portions of ky are indicated on the top. (b): The energy spectrum of a
strip with Nx = 15. The edge bands appear within the bulk gap, following the trajectories of ±hz(ky). The
left edge bands are highlighted by thick curves. (c): h : k 7→ h(k) illustrated as a torus embedded in the
h space. (d)–(f): The edge mode wavefunctions for the three dotted points as indicated in (b). They are
localized at the left edge and purely a-type.
parameters given respectively by
δω1,2(ky) = 0.8 sin ky + 0.3 sin 3ky + 0.8 sin 4ky (5.10a)
δω2,1(ky) = 0.8 sin ky + 0.3 sin 3ky + 0.8 sin 4ky, (5.10b)
δωm,m′(ky) = 0 otherwise, (5.10c)
δh±m,m′(ky) = 0, (5.10d)
and
same as (5.10) except (5.11a)
δω1,1(ky) = −0.1, (5.11b)
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where δωm,n(ky) and δh
±
m,n(ky) are defined as
δωm,m′(ky) :=
n¯y∑
ny=−n¯y
einyky
(
ζxm,m′;ny − iζym,m′;ny
)
, (5.12a)
δh±m,m′(ky) :=
n¯y∑
ny=−n¯y
einyky
(
ζ0m,m′;ny ± ζzm,m′;ny
)
(5.12b)
in relation to (A1).
The results of numerical computation for a strip with Nx = 15 are presented in Fig. 17: the
left column for (5.10) and the right column for (5.11). Comparing (a) and (b) of Fig. 17 with
(b) of Fig. 16, we see that the loci of the edge bands following the trajectories of ±hz(ky) remain
unchanged, but meanwhile additional left edge bands induced by the edge perturbation also appear
in various places — within the bulk gap, above the upper bulk band cluster, below the lower bulk
band cluster, and inside the bulk band clusters. As predicted in Theorem 3, both (a) and (b)
are exactly symmetric under E → −E. The spectra of (a) and (b) are qualitatively similar to
each other except that the deformation of (h) → (g) as depicted in Fig. 6 takes place around
ky = 3pi/2 ≈ 4.71 from (a) to (b) in Fig. 17.
We depict edge-mode wavefunctions for a few various points in the spectra. In (c)–(h) of
Fig. 17, the wavefunctions of edge modes following the trajectories of ±hz(ky) are shown for the
three opposite-energy pairs of dotted points as indicated in (a). They remain purely a-type or
b-type. The left-edge-mode wavesfunctions of (c), (e), and (g) are different from the unperturbed
counterparts (d)–(f) in Fig. 16. On the other hand, the right-edge-mode wavesfunctions of (d), (f),
and (h) are unaffected by the left edge perturbation (except through minuscule finite size effect)
and thus remain exactly dual to (d)–(f) in Fig. 16 via (4.9).
In (i)–(n) of Fig. 17, the wavefunctions of edge-perturbation-induced edge modes are shown for
the three opposite-energy pairs of dotted points as indicated in (b). They are all localized at the
left edge. In general, the edge-perturbation-induced edge modes are not purely a-type or b-type as
shown in (k)–(n), except at the points where the edge band accidently intercepts the trajectories of
±hz(ky) such as shown in (i) and (j). Furthermore, in (m) and (n), in addition to a peak localized
at the left edge, the wave function also exhibits an almost periodic part over the bulk. This is
because (m) and (n) are in the edge bands appearing inside the bulk band clusters and therefore
the edge states are degenerate and mixed with bulk states.
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FIG. 17. Edge perturbation I with (5.10) [left column] and with (5.11) [right column] upon Special case
V. (a) and (b): The energy spectra of a strip with Nx = 15. The trajectories of ±hz(ky) are shown for
reference as the thick-solid line and the thick-dashed line, respectively. (c)–(h): The wavefunctions of edge
modes following the trajectories of ±hz(ky) for the three pairs of dotted points as indicated in (a). (i)–(n):
The wavefunctions of edge-perturbation-induced edge modes for the three pairs of dotted points as indicated
in (b)
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FIG. 18. Edge perturbation II with (5.13) upon Special case V. (a): The energy spectrum of a strip
with Nx = 15. The trajectories of ±hz(ky) are shown as the thick-solid line and the thick-dashed line,
respectively. (b)–(f): The left-edge-mode wavefunctions for the dotted points as indicated in (a).
K. Edge perturbation II
Next, we consider the case that, in (4.21), some of ζ0mx,m′x;ny and ζ
z
mx,m′x;ny
are nonzero. Par-
ticularly, we study the set of edge perturbation parameters given by
δh+1,1(ky) = δh
+∗
1,1(ky) = 0.32 sin ky + 0.48 sin 3ky + 0.32 sin 4ky, (5.13a)
δh−1,1(ky) = δh
−∗
1,1(ky) = −0.32 sin ky − 0.48 sin 3ky − 0.32 sin 4ky, (5.13b)
δh±m,m′(ky) = 0 otherwise, (5.13c)
δωm,m′(ky) = 0. (5.13d)
The result of numerical computation for a strip with Nx = 15 is presented in Fig. 18. The right
edge bands, which follow the trajectory of −hz(ky), remain unaltered, whereas the left edge bands
are now deviated from the trajectory of hz(ky) and a few additional left edge bands also arise. The
spectrum shown in (a) is no longer symmetric under E → −E.
We depict left-edge-mode wavefunctions for a few various points in the spectrum in (b)–(f).
They are all mixed in amx and bmx , even at the points where the left edge band accidentally
intercepts the trajectories of ±hz(ky) such as shown in (e).
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VI. SUMMARY AND DISCUSSION
With the inclusion of arbitrary long-range hopping and (pseudo)spin-orbit coupling amplitudes,
we construct a generic model for any two-dimensional two-band Chern insulators as formulated in
(2.2) with (2.4). This provides a simple framework to investigate arbitrary adiabatic deformations
upon the systems of any arbitrary Chern numbers. Without appealing to advanced techniques,
we obtain a detailed description of the bulk-boundary correspondence on a strip, as stated in
Theorem 1 and Theorem 2, and a rigorous proof of it — first for special cases (i.e., hz(k) = hz(ky)),
then with the inclusion of arbitrary uniform edge perturbation, and finally extended to generic
cases.
We have proved the bulk-boundary correspondence only in the weak form for a strip, but not
yet the strong form for a large sample in an arbitrary two-dimensional shape. The strong form
posits that, on a large finite sample of a Chern insulator with a clean bulk but an arbitrary edge
perimeter, the number of edge modes propagating along the perimeter (counterclockwise counted
as positive, and clockwise as negative) is equal to the Chern number of the bulk. Once the weak
form has been proved, the strong form can be implied by imagining a local edge portion of the
large sample deformed into a straight strip and by the reasoning of unitarity. We refer readers to
Section 6.3 of [5] for more details of the proof connecting the weak from to the strong form.
Our elementary approach not only is more transparent about the underlying physics of the
bulk-boundary correspondence but also reveals various intriguing nontopological features of Chern
insulators recapped in the following.
(i) It is rigorously shown in Sec. IV A that while the bulk states depend on the width Nx of
the strip (recall Footnote 9), the edge states are independent of Nx, except for negligible finite-size
effect. This is an important feature of edge states often overlooked or taken for granted.
(ii) As long as the semi-special condition (i.e., the constant-ky loop lies on a plane in the
h space) is satisfied (even only in a local open neighborhood of ky), the trajectories of ±h⊥(ky)
against ky give rise to edge bands with the multiplicity given by |w⊥(ky)|, as discussed in Sec. IV G.
This observation is extremely useful, because it enables us to largely anticipate the loci of edge
bands directly from h(k) without performing any full-fledged numerical computation for the energy
spectrum, and therefore we can design at will a model with various desired features as demonstrated
in many examples in Sec. V.
(iii) Consequently, we also obtain the condition for having degenerate edge bands (i.e., multiple
edge bands following the same trajectory in an interval of ky): the map h(k) satisfies the semi-
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special condition in the interval and |w⊥(ky)| > 1.
(iv) We obtain a precise description of “spin-momentum locking” on a strip for semi-special
cases: the (pseudo)spin is either parallel or antiparallel to the direction of nˆ(ky) (i.e., the normal
unit vector of the plane where the constant-ky loop lies) in edge states that follow the trajectories of
±h⊥(ky). However, it should be remarked that, contrary to popular opinion, the spin-momentum
locking is not a topological feature in the strict sense, as it makes sense and is robust only under
deformations within the confines of the semi-special condition.
(v) Not only the bulk-boundary correspondence is shown to be robust against arbitrary uniform
edge perturbation, but a finer differentiation between different kinds of edge perturbation is also
revealed. The generic form of uniform edge perturbation imposed upon a special case is described
in (4.21). In case that ζ0mx,m′x;ny and ζ
z
mx,m′x;ny
all vanish but some of ζxmx,m′x;ny and ζ
y
mx,m′x;ny
acting on the left (right) edge are nonzero, the left (right) edge bands following the trajectories of
±hz(ky) do not change their loci and remain purely a-type or b-type, although the corresponding
wavefunctions are altered. On the other hand, in case that some of ζ0mx,m′x;ny and ζ
z
mx,m′x;ny
acting
on the left (right) edge are nonzero, the left (right) edge bands are deviated from the trajectories of
±h(ky) and no longer purely a-type or b-type. The edge bands following the trajectories of ±h(ky)
are robust against ζxmx,m′x;ny and ζ
y
mx,m′x;ny
, but sensitive to ζ0mx,m′x;ny and ζ
z
mx,m′x;ny
. Whether
ζ0mx,m′x;ny and ζ
z
mx,m′x;ny
are zero or not, the inclusion of edge perturbation in general also gives rise
to more edge bands, which in general are not purely a-type or b-type.
(vi) If h0 = 0, the strip Hamiltonian HˆNx(ky) exhibits the h0 = 0 symmetry as elaborated in
Sec. IV B. The h0 = 0 symmetry relates an energy eigenstate |Ψ〉 of E = E0 to a counterpart energy
eigenstate |Ψ˜〉 of E = −E0 via (4.9), which can be understood as inherited from (2.10) for Hˆbulk.
Particularly, the h0 = 0 symmetry associates a left (right) edge mode with a right (left) edge mode
of the opposite energy. When edge perturbation is introduced, however, the h0 = 0 symmetry is
broken. Nevertheless, if edge perturbation is imposed upon a special case as formulated in (4.21)
in a particular way that all of ζ0mx,m′x;ny and ζ
z
mx,m′x;ny
are zero and only some of ζxmx,m′x;ny and
ζymx,m′x;ny
are nonzero, the energy eigenvalues of the strip still appear in pairs with opposite signs
as predicted in Theorem 3. This symmetry is identical to the h0 = 0 symmetry in the absence of
edge perturbation, but should not be confused with the h0 = 0 symmetry in the presence of edge
perturbation. For the edge modes following the trajectories of ±hz(ky), the symmetry of Theorem 3
associates a left edge mode of E = ±hz with a right edge mode of E = ∓hz, but the corresponding
wavefunctions are no longer related with each other via (4.9). For edge-perturbation-induced edge
modes, the symmetry of Theorem 3 associates a left (right) edge mode of E = E0 with a different
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left (right) edge mode of E = −E0.
Finally, it is noteworthy that our proof of the bulk-boundary correspondence for the two-
dimensional two-band model is essentially based on a dimension-reduction scheme that recasts
the Chern number in terms of winding numbers as given in (3.12) and consequently enables us to
employ the same techniques devised for the one-dimensional generalized SSH model in our previous
work [1]. This suggests that, via a proper dimension-reduction procedure, our elementary approach
to the problem of bulk-boundary correspondence might be applicable to other topological systems
with richer structure or in higher dimensions.
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Appendix A: Eqs. (4.11) and (4.21) in a matrix form
Solving the coupled difference equation (4.11) and its modified version with uniform edge per-
turbation as given in (4.21) can be viewed as solving the eigenvalue problem of a 2Nx×2Nx matrix
corresponding to HˆNx(ky). For convenience, define
ωm,m′(ky) :=
n¯y∑
ny=−n¯y
einyky
((
wxm′−m,ny − iwym′−m,ny
)
+
(
ζxm,m′;ny − iζym,m′;ny
))
, (A1a)
h±m,m′(ky) := ±hz(ky)δm,m′ +
n¯y∑
ny=−n¯y
einyky
(
ζ0m,m′;ny ± ζzm,m′;ny
)
, (A1b)
where in fact wm′−m,ny 6= 0 only if |m′ −m| ≤ n¯x (because n¯x gives the upper bound for the
distance of the long-range interaction), ζam,m′;ny 6= 0 only if m,m′ ≤ n¯x or m,m′ ≥ Nx − n¯x + 1
(because ζam,m′;ny are edge perturbation parameters), and consequently ωm,m′ , h
±
m,m′ 6= 0 only if
|m−m′| ≤ n¯x. By (2.4b) and (4.22), it follows
ω∗m′,m(ky) :=
n¯y∑
ny=−n¯y
einyky
((
wxm′−m,ny + iw
y
m′−m,ny
)
+
(
ζxm,m′;ny + iζ
y
m,m′;ny
))
, (A2a)
h±∗m′,m(ky) := ±hz(ky)δm,m′ +
n¯y∑
ny=−n¯y
einyky
(
ζ0m,m′;ny ± ζzm,m′;ny
)
= h±m,m′ . (A2b)
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In the basis {|1 ↑〉, |1, ↓〉, . . . , |N ↑〉, |N ↓〉}, the matrix of HˆN (ky) takes the form
h+1,1 ω1,1
ω∗1,1 h
−
1,1
h+1,2 ω1,2
ω∗2,1 h
−
1,2
· · · · · · h
+
1,N ω1,N
ω∗N,1 h
−
1,N
h+2,1 ω2,1
ω∗1,2 h
−
2,1
h+2,2 ω2,2
ω∗2,2 h
−
2,2
...
...
. . .
...
...
h+N−1,N−1 ωN−1,N−1
ω∗N−1,N−1 h
−
N−1,N−1
h+N−1,N ωN−1,N
ω∗N,N−1 h
−
N−1,N
h+N,1 ωN,1
ω∗1,N h
−
N,1
· · · · · · h
+
N,N−1 ωN,N−1
ω∗N−1,N h
−
N,N−1
h+N,N ωN,N
ω∗N,N h
−
N,N

(A3)
Shuffling the basis order into {|1 ↑〉, . . . , |N ↑〉, |1, ↓〉, . . . , |N ↓〉}, we can represent the matrix of
HˆN (ky) in a more succinct block form  H+ Ω
Ω† H−
 , (A4)
where Ω and H± are N ×N matrices with Ωij = ωij and H±i,j = h±i,j .
In case all ζ0mx,m′x;ny and ζ
z
mx,m′x;ny
are zero, the matrix of HˆN (ky) takes a special form hz1N×N Ω
Ω† −hz1N×N
 , (A5)
which exhibits a particular symmetry as addressed in the following theorem.
Theorem 3. If a matrix HN takes the form of (A5), det(HN − λ12N×2N ) is invariant under
λ → −λ. In other words, the eigenvalues of HˆN always appear in pairs with opposite signs if
ζ0mx,m′x;ny = 0 and ζ
z
mx,m′x;ny
= 0.
Proof. By Schur’s determinant identity, we have
det(HN − λ12N×2N ) ≡
∣∣∣∣∣∣ A := (hz − λ)1N×N B := ΩC := Ω† D := (−hz − λ)1N×N
∣∣∣∣∣∣
= |D|∣∣A−BD−1C∣∣ = ∣∣∣(−hz − λ)1N×N ∣∣∣ ∣∣∣∣(hz − λ)1N×N − Ω 1N×N(−hz − λ)Ω†
∣∣∣∣
= (−hz − λ)N (hz − λ)N
∣∣∣∣1N×N − ΩΩ†(hz − λ)(−hz − λ)
∣∣∣∣, (A6)
which is obviously invariant under λ→ −λ.
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If there is no edge perturbation at all (i.e., all ζamx,m′x;ny are zero), the symmetry of Theorem 3
is nothing but the h0 = 0 symmetry as discussed in Sec. IV B, which relates an eigenstate |Ψ〉
of λ = E to the counterpart |Ψ˜〉 of λ = −E via (4.9). When edge perturbation is introduced,
however, the h0 = 0 symmetry is broken and the symmetry of Theorem 3 should not be confused
with the h0 = 0 symmetry. An eigenstate of λ = E and its counterpart of λ = −E is no longer
related via the simple relation (4.9), but via a complicated relation depending on ωm,m′ .
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